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Abstract

In this thesis, we review the convex Darboux theorem by Ekeland and
Nirenberg [14]. Moreover, we give the necessary and sufficient conditions for
a smooth k-homogeneous differential 1-form w defined in a neighborhood U

of some point & € R" to be decomposed as
w= fYx)dg(x) + ...+ fF(x)dge(z)

for all  in some neighborhood V C U of Z where f*, ..., f* are homogeneous
functions of arbitrary degree and ¢, ..., gr are homogeneous of degree zero.
Finally, we give some economic applications to both results from consumer

theory.
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Chapter 1

Some Basic Definitions and

Results

We review some definitions and results that we will use in this thesis. A
detailed exposition on the following definitions and the proof of next theorem

can be found in [20].

Definition 1.1. [Cone] A cone C'in R" is a set of points such that if v € C,
then so is every positive scalar multiple of z, i.e, if z € C, then Ax € C for

all A > 0.

Definition 1.2. [Homogeneous Function] Let g : C C R" — R be a C!
function defined on a cone C'. Then, g is said to be homogenous of degree

k € R (k-homogeneous) if for any real number ¢ > 0, the following holds
g(tat ta?, ... ta™) = thg(at, 2?, ..., 2"), VaeC.

Theorem 1.1. [Euler’s Theorem] A C' function g is k-homogeneous on

a cone C' C R™ if and only if




Definition 1.3. [Convex Set] A set U is called convex if for any points

x,y in U, the line segment joining x and y
l(zyy)={te+(1—-t)y:0<t <1}
is also in U.

Definition 1.4. [Convex Function] A real-valued function g defined on a

convex set U C R™ is convex if for all z,y in U and ¢ € [0, 1],

g(te + (1 —t)y) <tg(x) + (1 —t)g(y).

Definition 1.5. [Strongly Convex Function] A real-valued function g(x)
defined on a convex set U C R" is strongly convex if there exists a > 0 such

that g(x) — $[|z[|* is convex for all z € U.

Definition 1.6. [Quasiconvex Function] A real-valued function ¢ defined

on a convex set U C R" is quasiconvex if for all z,y in U and ¢ € [0, 1],

g(tr + (1 —t)y) < max{g(z),g(y)}.

Definition 1.7. [Positive Definite Matrices| A symmetric matrix A €

R™™ is called positive definite if
tTAx >0, Vx#0ecR"

Definition 1.8. [Positive Semidefinite Matrices] A symmetric matrix

A € R is called positive semidefinite if 27 Az > 0 for all z # 0 € R™.

Theorem 1.2. Let U be an open convex set of R™, and let f : U — R be
a C? function. Then, fis a convex function on U if and only if D?f(z) is

a positive semidefinite matriz for all x € U, where D?f(x) is the Hessian



matriz of f(z) defined as

02 f 02 f D2 f
3:6% 0x901] 0xn 01
02 f 0 f 2 f

r’f o .. &f
0xr10xy, O0x90xy Ox2

Theorem 1.3. Let U be an open convex set of R™, and let g : U — R be a
C? function. Then, g(x) is a strongly quasi-convez function on U if D?g(x)

is a positive definite matriz on {Vg(z)}*.

Theorem 1.4 (Envelope Theorem for Constrained Problems). Let

x*(a) € R™ denote the solution of the following problem:
max f(x; a)

st gi(z;a)=0,...,9x(z;a) =0.

Let M\i(a), ..., A\x(a) be the Lagrange multipliers for each constraint in this

problem. Then

0

d . . ,
%f(x (a),a) = %L@ (a),; Aa), a)

~

~~
Total derivative for the original function f Partial derivative of Lagrange



Chapter 2

Exterior Differential Calculus

2.1 Differential Manifolds

Here we will define a differential manifold

Definition 2.1. [17][Manifold] A manifold M of dimension n is a topoloy-
ical space M, such that each point x € M has a neighborhood which is

homeomorphic to an open set in the Euclidean space R".
Definition 2.2. [17][Chart] A chart for a manifold M is a subset U of M
together with a bijective map

¢:U — o(U).
where ¢(U) C R™. Usually we denote the coordinates of a point m € U C M
by ¢(m) = (z',22,... z").

Definition 2.3. [17][Compatible] Two charts on a manifold M, (U, ¢) and
(U, ¢') are called compatible, if UNU’" =), or (UNU’) and ¢'(UNT’) are

open subsets of R™ and the maps
¢po(¢) g (UNTU) = (UNT)

6



2.1 Differential Manifolds 7

ot p(UNU) = ¢(UNT)
are smooth.

Definition 2.4. [17][Atlas] A collection of charts
A={¢y: Uy = Vo|a € I}

is called an atlas if for any pair of indices 4, j, (Uy,, ¢o,) and (Uy,, ¢q,) are

compatible and |J U, = M.

ael

Example 2.1. [17] The unit sphere
St ={(a',d® ...,a""") € " (a")? + (a*)*+ ...+ (a"T")* =1}

(n > 1) has an atlas consisting of two charts, we construct as follow:

Any point (a',a?,...,a"") € 8" different from (0,...,0,1), can be
joined with (0,...,0,1) by straight line that intersects the hyperplane
a"™ = 0 at some point (b',b% ...,0", 0). The condition that three points
(at,a? ... a™1), (0,...,0,1) and (b',0?,...,b",0) lie on a straight line yields

(b, 0%, ..., 0", 0) —(0,...,0,1) = M(a',a?,...,a"™) = (0,...,0,1)] (2.1)

for some A € R. We consider the last component in the vector equation (2.1),
we have
1
)\ —

1 —qrt!

Substitute the value of A in equation (2.1), we find a map
¢:S™(0,...,0,1) — R

defined by

p(a',a?, ... a"t) = 1_—an+1(a1,a )
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The pair (U, ¢), where U = S™\(0,...,0,1), is a chart for S", since ¢ is
injective and ¢(U) = R™.

In a similar manner, joining the points of S™ with (0,...,0,—1), we
obtain a map

x:S™\(,...,0,-1) - R"
that given by

1
x(at,d?, ... a") = W(al,aQ, o at).

The pair (V,x), where V= S™\(0,...,0,—1), is a chart for S™.
Then, the unit sphere has an atlas consisiting of two charts (U, ¢) and (V, x).

Definition 2.5. [17] Two atlases are called equivalent if their union is also

an atlas.

Definition 2.6. [17][Differential Manifold] A differential manifold is a
set of points together with a finite set of subsets U; C M and one-to-one
mappings

such that
1. M=U,.

2. For any nonempity intersection U; N U;, the set ¢;(U; N Uj) is an open
subset of R", and the one-to-one mapping ¢;0¢; ' is a smooth function

on (bz(Uz N U])

Definition 2.7. [17] A differential manifold M is called an n-manifold if

every chart has domain in an n-dimensional vector space.
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2.2 Tangent Space

Two curves t — ¢i(t) and t — c(t) in an n-manifold M are called

equivalent at m if

for some chart ¢.
Remark 2.1. The Equivalence does not depend on the choice of chart.

Proof. Let c¢(t) and cy(t) be equivalent curves in an n-manifold M at m,

then
c1(0) =ca(0) =m,  (poc1)'(0) = (doc)(0)

for some chart ¢.

If we change to a chart 7, then
(noc1)(0) = ((nod™")o(poe))(0)=(nod™)(docr)(0)

(noc)(0)=((mog ") o(doc))(0)=(nod ") (¢oc)(0)

But, (¢ 0¢;1)(0) = (¢ ocy)'(0), then
(n0¢1)'(0) = (n0c)(0)
[

Definition 2.8. Let C be a differentiable curve in M and f € C*(M), then
C*f = f o is a differentiable function from an open subset I C R into R.
If t, € I, then the tangent vector to C' at the point C(ty), denoted by C; ,
defined by

/ d . f(C() — F(C(h))

Cilfl = 2, (Cf) o lim r—
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Hence, C’;O is a map from f € C*°(M) into R with the properties

i. Gy laf+bg] =aC, [f]+bC, g, forall a,b € Rand f,g € C>®(M).

i O, [fg] = F(C())Cylgl + 9(CU)ICLIfl,  for all f.g € C=(M).
The properties of tangent vector to a curve lead to the following definition.

Definition 2.9. Let p be a point in a manifold M, a tangent vector to M
at p is a map, v, of C*°(M) into R such that

vplaf + byl = av,[f] + bv,|g]

uplfgl = fuplg] + gup[f]
for all a,b € R and f,g € C®°(M) .

Definition 2.10. [17] The tangent space to a manifold M at p € M is the

set of all tangent vectors to M at the point p, and it is denoted by T, M.

Remark 2.2. The tangent space is a real vector space with the operations

defined by
(vp + wp)[f] = vp[f] + wpf]

(avp)[f] = alv,[f])-

for vy, w, € T,M, f € C*(M), and a € R.

Definition 2.11. [17] The tangent bundle of a manifold M, denoted by

TM, is the set of all tangent vectors at all points of M, that is,

T™M =|JT,M.

p
Hence, a point of T'M is a vector v that is tangent to M at some point
p € M. If a manifold M is an n-dimensional, then the manifold T'M is a

2n-dimensional.
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If (U, ¢) is a chart on M, with coordinates z',x?,..., 2" and p € U, then

the tangent vectors, (%)p, (%), . (%)p, are defined by

(aii>p[f] = Di(f 0 ¢ )low)

where D; is the partial derivative with respect to the ¢th argument; that is,

ozt t-0 ¢

—(fod (' (P),-.. 2" (), ... 2"(p))]-

(a) J] = Im i (Fos )@ M), ... a )+ 1. ...a"(p))

Take f = 27 in the previous formula, and noting that

(27 0™ ) (@ (p), ..., 2" (p), ... 2" (p)) = (27 0 671)(8(p)) = 2’ (p)
and,

2, if i

4+t if i=

(@7 07 )(@'(p), ., 2" (p) +1,....2"(p)) =

(for t is sufficiently small, so that all the points lie in U)

, . 0, if i#j
(aa@') =0 = |
T p 1, if i=j

Theorem 2.1. If (U, $) is a chart on M and p € U, the set {(32),}7, is a
basis for T, M.

If we replace each vector space T, M with its dual space T M, we obtain
a new 2n-manifold called the cotangent bundle, denoted by T*M. The dual

basis to 52 is denoted by da".
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Thus, relative to a choice of local coordinates we get the basic formula

for any smooth function f: M — R.

2.3 Differential forms

The main idea of differential forms is to provide a generaliztion of the
basic operations of vector calculus, div, grad, and curl, and the integral
theorems of Green, Gauss, and stokes to a manifold of certain dimension.
They are applied in some areas of physics, mainly in classical mechanics, and
of mathematics, such as differential equation, and differential geometry. A

simple example of differential O-form is a real-valued function.

Definition 2.12. [17|[Multilinear map] A map J: V xV x ... x V (k-

factor) — R is called a multilinear if it is linear in each of its factors; that

is, for all vy, v9,..., v, € V,
B(v1,v9, ..., av; + buj, ... vg)

=af(v1,v2, ...,V Ug) + bB(v1, 09, .. UL
V1l <<k

Definition 2.13. [17][Skew map]| A k-multilinear map f:V x V x ... x
V' — R is called a skew (or alternating) if it changes sign whenever two of

its arguments are interchanged; that is, for all v, ve,..., v, € V,

B(v1,02, ..,V Vg, U) = —B(U1, V2, U Uy, V).
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Definition 2.14. [7][Tensor]| A tensor of type (k,l) at a point z in a
manifold M is a multilinear map which takes k vectors and [ covectors and
gives a real number,

TmzmexTzMx...xTzMxT;MxT;Mx...><T;‘M—>R.

v ~"
k-times I-times

Definition 2.15. [17][Differential 1-form] A differential 1-form on a man-
ifold M is a linear map w that is defined on a tangent space of M at a point

m

w(m) : T, M — R.

Definition 2.16. [17|[Differential 2-form]| A differential 2-form on a man-
ifold M is an alternate bilinear map w that is defined on a tangent space of

M at a ponit m
w(m) : TpyM x T,,M — R

Definition 2.17. [17][Differential k-form] A differential k-form on a man-
ifold M is an alternate k-multilinear map w that is defined on a tangent space
of M at m

w(m) : TpM x ... x T,,M — R.

TV
k-times

Note that a differential k-form is a tensor of type (k,0) with a skew-

symmetry assumption.

A differential k-form on R™ is a map w which has the following
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form
w@)= D faa@)(dry, A Nday)., i€ {1, 0},
11 <...<l

where the f;, are differentiable real-valued functions on R", such that

7777 1k

2.4 Tensor and Exterior Products

Definition 2.18. [7][Tensor Product] Let 77 and 75 be two tensors at a
point z on a manifold M of types (ki,l;) and (ko l3), respectively. Then, the
tensor product T} ® Ty is the tensor at x € M of type (ki + ko, l1 +15) defined
by

e T2(Ulv ooy Ukytkgy Wiy - - >wl1+12) = Tl(vlv ceey Uy, Wiy - 7wl1)
XTQ(Ukl—i—h coo sy Uk tkey W15 - - >wl1+12)
for all vectors vy, ..., vk 4k, € T, M and for all covectors wy,..., w41, €
E3
TxM.

Definition 2.19. [17][Alternation Operator A] If « is (p, 0)-tensor, de-

fine the alternation operator A acting on a by

1
Ala)(vy,va,...,0,) = o Z sgn(0)a(Vs(1), Vo(2)s - - - Vo(p))
T oESy

where the sgn(o) is the sign of the permutation o :

1 if o is even,
sgn(o) =
—1 if ¢ is odd,

and S, is the group of all permutations of the set {1,2,...,p}. The operator
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A skew-symmetrizes p-multilinear maps.

Definition 2.20. [17][Exterior Product] If « is a k-form and § is an
[-form on M, their exterior product a A g is the (k + [)-form on M defined
by

(k+1)!

AN =T

Ala® f).

Example 2.2. If « and f are 1-forms ( (1, 0)-tensors ), then

2

a A B(vr,vz) = ﬁA(a ® B)(v1,v2)

where

Aa f)om) = 5 3 sm(0)(@® 5)(vo, o)

o€Sy
1
5 Z sgn(o)(a ® B)(Vo(1), Vo(2))
oe{(1)(2),(12)}

= ltsgn((l)(?))(f% ® B)(v1, v2) + %Sgn((12))(04 ® ) (vz, v1)

2
1 1
= Ha(en)B(e) — Ha(e)50)

Thus,
a A B(vr,v2) = afvi)B(va) — a(ve) Bvr)

Example 2.3. Let a be a 2-form ((2,0)-tensor) and S be a 1-form ((1,0)-

tensor), then

a A B(vi, v, v3) = avr,v2) B(v3) + a(va, v3) B(v1) + a(vs, v1)B(v2).
The exterior product of the differential forms has the following properties.

Proposition 2.2. [17] Let « be a k-form, B be an s-form, v, and 7o are
r-forms and a,b are real-valued functions.

Then:
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i. The exterior product is associative: (o« N ) Ay =a A (S A7).

ii. The exterior product is homogeneous: (acx) A = a A (aff) =

ala A B).

11. The exterior product is distributive:

a A (ay; + by) = aa Ay + ba A ¥e

(ay1 +by2) AB=an AB+braAB.
iv. The exterior product is anticommutative: a A3 = (—1)*B A a.
v. If k 1s odd then a N = 0. But, it is not true that a Ao = 0 in general.

vi. For any k-form w, (w)* =wAwA ... Aw is a (ks)-form.

s-times

Proposition 2.3. [16] Differential 1—forms wy,ws, . ..,w, are linearly de-

pendent if and only if their exterior product vanishes; i.e.,
Wi ANwaA...ANw, =0

Proof. Let wy,ws,...,w, be linearly dependent 1—forms. Without loss of
generality, assume that w; can be expressed as a linear combination of the
others,

wy = d*wy + aPws + ...+ a"w,

Using the properties of the exterior product, we obtain

T
Wi Awa A ... ANw, = (Zaiwi)/\wg/\.../\wr
=2

= Qg Awo Ao Awp +aPws Aws Ao Awyp 4+ .o+ a"wr Aws A ...

= 04+0+...4+0
= 0.

N Wy
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Conversely, by contradiction, suppose wy, ws, ..., w, are linearly independent

1—forms, then there exists a basis {e;} such that
€1 = Wi, =W, ...,E6p = Wy

But,
etNeasN...Ne,=wi ANwaA...Nw, =0

Which is a contradiction, since e; A es A ... A e, is a basis vector, it cannot

vanish. n

2.5 Examples of Algebraic Computation of
The Exterior Product

Example 2.4. Let w = z'dz! + 23d2? + 2%d2® be a 1-form in R? and ¢ =
xtdxt A da? + 22dzt A dz® be a 2-form in R3. Using the fact, da’ A dat = 0
and dz' A dz? = —da? A dxt, Vi, j € {1,2,3}.

wA¢ = (ztda’ + 23 da® + 2%dx®

) A (x
= W+ vratdetrdrt A da?
—|—W—l—x w3dx? A dat A da?
+ata?da® A dat A da? +W

= (2'2? — 2%2%)dx' Ada® Ada®.

Yot A da? —|—x2dac A dz?)

Example 2.5. Let o = z'dz! + 22d2z? be a 1-form in R? and 3 = zta3dzt A
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dz® + r?x3dz? A dz® be a 2-form in R3.
aAB = (prde' + 22d2®) A ('aPdat A da® + 2?2 da? A do®)
0
= (2" 2Pdatmdrt Ada® + o' PaPdat A da? A da?
+atz? P da® A dat Ada® + (07) 2’ deirda® A 2P

= (v'2%2® — 2l dat AdaP A 2P = 0.

Note that, 3 = a A v, where v = 23dz? is a 1-form in R?. So, a A 8 =
aNaANvy=0.

Example 2.6. Let w = ztda! A da? + 2%dx3 A dz* be a 2-form in R*. Then

wAw =2z 2?2dxt A da® A da? A da?

2.6 Exterior Derivative

We now define the exterior derivative of differential forms.

Definition 2.21. [17] The exterior derivative of a differential k-form a on

a manifold M is the differential (k + 1)-form on M, denoted by da.
The exterior derivative can be determined by the following proposition.

Proposition 2.4. [17] There is a unique linear operator d from the set of k-
forms on a manifold M; Ak(M), to the set of (k+1)-forms on M; A* (M),
such that

d: A*(M) — A*FH(M)
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i. If a is a 0-form; that is, « € C*°(M), then do is the 1-form.

" da . .
do = —dx'.
a 2 e x

1. d is a linear operation, that is, for all real numbers a and b,

d(aay + bag) = aday + bdas

. d*a =0, that is, d(da) = 0 for any k-form a.

w. If a =3 o i fo.adry Ao Adz, is a k-form in R", then the

-----

dazzafg’#’ikdxj/\dxh/\.../\dzik (sum on all j and iy < ... <1 )

Definition 2.22. [17] A differential k-form w is called closed if dw = 0, and

exact if there exists a differential (k — 1)-form « such that da = w.

Definition 2.23. [8] Let M be a differentiable manifold. A one-parameter
group of transformations; ¢, on M, is a differentiable map from M x R onto
M such that ¢(x,0) = z and p(p(x,t),s) = p(x,t+s) forallz € M,t,s € R.
The infinitesimal generator of ¢ is the vector field X such that X, =

(¢(,0)).

Lemma 2.5. [17/[Poincaré’s Lemma] A closed form is locally ezxact;
that is, if the differential k-form w is closed(dw = 0) then there exists a
differential (k — 1)-form « such that w = da on some neighborhood of each

point.

The proof can be found in [8].
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Theorem 2.6. [13/[Cartan’s Magic Formula] The exterior derivative
of the exterior product of a differential p-form w and a differential q-form ¢
15 given by

dw A @) =dwAp+(—1)PwAdp

2.7 Examples of Algebraic Computations of
The Exterior Derivative

Example 2.7. Let w = ) w;dz’ be 1-form in R™, then
i=1

dw = d(Zwidxi)
i=1

= Zdwi/\dxi
=1
"\ Ow; .
= w.dxj A dx’
e QxJ
1,j=1
" O " dw
= Z w.dxj Adzx' + Z w.dxj A dx'
— xJ —~  Qx)
1<i<j<n 1<j<i<n
- ﬁwi i ; - UJJ' i
= — Z &dex Adz’ + Z (9xid$ A dz’?
1<i<j<n 1<i<j<n
" 8wj &uz-
= - — )dx' A da?
Z (8xz 8xﬂ) .
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Example 2.8. Let w = %dml + Zrda? be a differential 1-form in R, then

dx A dz?

222 1 9
dw = (<x1)3dx + (xl)de > A dzt —l—( 0y
= ﬁdwl/\dxl—k(w)dx A dzt —I—( >dx ANdz? =0

So, w is a closed 1-form. By Poincaré’s Lemma, there exists a 0-form

f= ;—f such that df = w on some neighborhood of each point.

Example 2.9. Let w = Y  w;;dz’ A dz? be a differential 2-form in R™,
1<i<j<n

then

dw = Z dw; j A dx' A dx?

1<i<j<n

- Z Zaw”dm Adzt A da?

1<i<j<n k=1

Ow; Ow;
= Z o ——ddat Ada' NdaT + Y o 00 gk A dat A da?
1<k<i<j<n 1<i<k<j<n
Owij o g o :
+ Z de AN dl’ A\ dl']
1<i<j<k<n
= Z %d:ﬂ Adad A dxF + Z %dxj A dx' A dzF
oxt oxi

1<i<j<k<n 1<i<j<k<n
Ow; ; 4 -
+ E a—z;jdl'k Adxt A dx?
X
1<i<j<k<n
- ¥ (3wj,k _ Owig Oy
oxt oxI Oxk

1<i<j<k<n

Ydz' A dx? A da®
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Example 2.10. Let o = xyz*dz A dy + ydx A dz be 2-form in R?, then

do = (y2*de + x22dy + 2xyzdz) Adx A dy + dy A dx A dz
0 0

= y2’d :c/\dy—l—W—l—nyzdz/\da:/\dy—l—dy/\dx/\dz

= 2xyzdz Ndx Ndy +dy Ndx Adz

= (2zyz — l)dz A dy A dz.
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2.8 Interior Product and Lie Derivative

Definition 2.24. [8][Interior Product] Let w be a differential k-form
and X be a vector field on a manifold M. Define the interior product ¢xw

(sometimes called a contraction of X and w , and written X Jw )

vx = AF(M) — A1)

LXW(}/D Y27 s 7Yk—1) = Cd(X, }/17 }/27 s ’Yk—l)-
The interior product of differential forms has the following properties.

Proposition 2.7. [8] Let w be a differential k-form defined on a manifold
M and aq, ag be two differential s-forms on M, and X,Y be two vector fields
on M, then :

i. Lxw is a differential (k — 1)-form on M.
it. Lx 1S linear map, that is, for any real numbers cy, co,
Lx<01041 + CQOCQ) = Ci1lx0 + Colx (9.
i11.
LylxW = —LlxlyWw.
w. The winterior product of the exterior product,

tx(WAay) =i1xwAar + (—1)’%} A Lxog

Definition 2.25. Let M be a differentiable manifold. A one-parameter
group of transformations, ¢;(x), on M, is a differentiable map from M x R
onto M such that gg(x) = x and @4(p()) = @sie(x) for all x € M t, s € R.
The infinitesimal generator of ¢ is the vector field X such that X = o, (z)/|;=0-
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Definition 2.26. [5] Let X be a vector field on a manifold M and w be a
differential £-form defined on M. The Lie derivative of w with respect to X

is the object whose value at x € M is:

OF (Wlgy(x)) —wle  d .
h == t:0¢t (Wgr(a))

Lxw = lim
t—0

where ¢,(z) is the flow of the vector field X and ¢} (x) refers to the pull-back
of ¢(x), defined by
¢; (W) = w(gn(x))-

Proposition 2.8. [5] Let X be a vector field on a manifold M and w, ¢
be two differential k-forms defined on M, then the Lie derivative has the

following properties:

1. Lxw s of the same degree as w.

it. The linearity of Lie derivative, that is, for any real numbers c¢; and co,
Lx(cw + cop) = 1 Lxw + 2L xp.

1i. Commutation with the differential,
dLxw = Lxdw.
w. The Lie derivative of the exterior product,
LxwAp)=LxwAp+wALxep.

v. Lxw = txdw + d(txw).

where 1 1s the interior product between w and X and "d” s the exterior

derivative.
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Definition 2.27. [5] Given a differential 1-form w = > w;dz" defined on a
i=1
cone C' C R", we say that the w is k-homogeneous if the functions w;,7 =

1,...,n are k-homogeneous for all z € C.
Theorem 2.9. [5] The differential form w =Y. w;dz' is k-homogeneous if
i=1
and only if
Lxw=(k+ 1w

n
where X = 21 x 8‘; e TR".
1=

Proof. Let w and X be defined as above, and using the property v.; that is,
Lxw = txdw + d(txw).

We calculate each term on the right hand side.

Since,

" Ow. . ,

_ L )

dw = E axjda: A dx'.

,j=1
Then,
- Gwi : ; - &ui ; :
_ J i i 7.0
Lxdw = 321 90 ? dx 321 vkl dx’. (2.2)

Similarly, we have
Lxw = sz(x)ml

i=1

Then,
"L 0w . — .
d(txw) = Z mxldwj + Zwidxz. (2.3)
x
.j i=1

i,j=1
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From (3.3) and (3.4), we get

EXw = ij lg;d;x]d i Z awz zd ] Z aWZ Zd$]+zwid$i
Ow;
- zjzl Oxi z'dz’ —|—Zwldw

By Euler’s Theorem, we conculde that w(z) is k-homogeneous if and only if
Lxw=(k+1)w.
This completes the proof. O
Corollary 2.10. /5] If w is k-homogeneous differential 1-form, then
i. LxwAw=0.
. Lx(wAdw)=2(k+ 1w A dw.
iii. Lxdw = (k+ 1)dw.
Theorem 2.11. [5] Let w be a C* differential m-form. Then w is k-
homogeneous if and only if
Lxw = (k+m)w.
let w be a differential 1-form. Define a sequence of differential forms:

W) = w, wy = dw, w3 = w A dw, wy = dw A dw

ws =w A dwAdw,..., etc.

Definition 2.28. [5] The rank of a differential 1-form w at a point = in
a manifold M is the integer 0 < r(x) < n such that w;(z) # 0 for i < r,
whereas w;(z) = 0 for all i > r. Moreover, w is called regular if r(z) is fixed

for all z.
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Theorem 2.12. [5/[Darboux] Suppose w is a differential 1-form of con-
stant rank r on a manifold M. Then, there exist local coordinates x =

(xt, 2%, ..., 2") such that w has the canonical form:

otdx? + .. 4 2?57 da?, r=2s
alda? + .. 4+ 2 tda® F da® T, r=2s+1

Definition 2.29. [16] A subring Z which is a subset of the set of k-forms
on a manifold M; A*(M), is called ideal if:

a) a € T implies a A 3 € T for all 8 € A¥(M).
b) a € Z implies that all its components in A*(M) are contained in Z.

Definition 2.30. [16][Differential Ideal] An ideal Z C A*(M) satisfying
dZ C T is called a differential ideal, where

dZ = {da|a € T}.

Definition 2.31. [16][Forbenius Condition | Let Z be a differential
ideal having as generators the linear forms a',...,a" " of degree one, the
condition that Z is closed means

(F) do! =0 mod al,....,a" ", 1<i<n-—r.

The condition (F) is called the Forbenius condition.

Theorem 2.13. [15/[Forbenius Theorem] Let T be a differential ideal

1 r

having as generators the linear forms o', ..., " " of degree one, so that the

Forbenius condition is satisfied. In a sufficiently small neighborhood there is

n

a coordinate system y',...,y" such that I is generated by dy"*, ... dy".

The proof can be found in [15].



Chapter

Convex Darboux Theorem

There are many applications in which we need to write differential forms
as a linear combination of gradients. In [15], Darboux found the necessary
and sufficient condition that guarantees this combination in a neighborhood;
U, of £ in R™. However, some economic applications require an additional
restriction on the coefficients to be positive functions and the coordinates to
be convex functions. There were several attempts to find a necessary and
sufficient condition that guarantees the positivity of the coefficients and the
convexity of the coordinates.

In [9], Chiappori and Ekeland gave the result when a 1-form w is analytic.
Later on, in [21], Zakalyukin gave the result when w is smooth. In [14], it
has been shown that their results are false by Ekeland and Nirenberg by
giving a counterexample and they found a necessary and sufficient condition
that guarantees the positivity of the coefficients and the convexity of the

coordinates.

28
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3.1 Introduction

Let w = Y w;idx® be a smooth differential 1-form defined on a neighbor-

i=1
hood; U, of the origin in R™. The problem of finding necessary and sufficient
condition to decompose the smooth differential 1-form w defined on U into

the sum

w= fldg, + ...+ frdg, (3.1)

has been solved by Ekeland and Nirenberg using Exterior Differential Calcu-
lus, where the f! are positive functions and the g; are strictly convex func-
tions.

By a classic result in exterior differential calculus; Darboux Theorem, if

w has rank 2k; that is,
WA (dw) 40 and wA(dw)*=0 on U

then (3.1) holds. If w satisfies (3.1), then

k
dw=">"df* ndg,

=1
and
(dw)® = kldf* Adgy Adf? ANdg, ... NdfF A dgy,
Hence,
w A (dw)f =0

But, Darboux Theorem does not give any guarantee for positiveness of the
coefficients and convexity of the coordinates. In [9], Chiappori and Eke-

land found a necessary and sufficient condition to decompose the analytical
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differential 1-form w defined on a neighborhood; U, of origin into the sum

k

w=> fldg

=1
where the coefficients are positive functions and the coordinates are convex

functions.

Chiappori and Ekeland condition: There is some neighborhood
of the origin where the matrix (w; ;) is the sum of two matrices, a positive
definite one and another one of rank k, where
o = i
" Qi
In [21], Zakalyukin was interested in finding a necessary and sufficient
condition to decompose a smooth (non-analytical) differential 1-form w de-

fined on a neighborhood; U, of the origin into the sum

k
W= Z fldg,
1=1

where the coefficients f! are positive functions and the coordinates ¢; are
convex functions. He introducedthe space As(w) of all tangent vector fields
¢ such that

tew = 0.
Lgmdw =0, Vn.

Zakalyukin Condition: In addition to Chiappori and Ekeland condition,
he requires the following condition: There is some neighborhood of the origin
where the matrix (w; ;) + (w;;) is positive definite on As(w).

In [14], Ekeland and Nirenberg found a counterexample of the previous

results.
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Example 3.1. [Counterexample of Chiappori and Ekeland condi-

tion]

3 z* and the differential 1-form

Consider R* with coordinates x!, 22, x
w= (142" +z")dz' + 2°d2a® + (2* + 2%)d2?.
Then,

wAdw = w/\(dw4/\d:v1—|—da:2/\dx3)

= (142" +2Y)de' Ada® Ada® + 2°da® Ada* Adat + (2% + 2%)da® A dat A da?

# 0
and
w A (dw)? = 0.
Hence, k = 2. Moreover,
1 001 000 1
01 00 000 O
wm: :I—|—
0110 01 0 0
0000 000 —1

Thus, we can write w; ; as the sum of a positive definite matrix and a matrix
of rank 2, which means the Chiappori and Ekeland condition holds. But, the
problem has no solution. Assume otherwise, there exist smooth functions
Y 2, g1, g» such that

w= fldg + fdg,.

where f!, f? are positive functions and gi, g» are strictly convex functions.

Then g, satisfies:

dgr Aw A dw = dgy A f2dgs A dw = 0. (3.2)
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On the other hand:
wAdw = (142 +2*)do' Ade? Adx? + 2 de? Adx* Adot + (2 23 da® Ada* Adx'

Substituting into equation (3.2), we get

0 0 0
—(1+2'+ x4)8_§1 + an—i; — (2* + x?’)a—z; = 0.

In particular, on the plane 2% = 2% = 0, we have

0
(1+a2! —|—x4)a—g1 = 0.

2

So, 99 — () on the plane 22 = 2® = 0. Hence, g; cannot be strictly convex.

Y

Example 3.2. [Counterexample of Zakalyukin condition]

Consider R® with coordinates x!, 2%, 23, 2%, 2° and the differential 1-form

w=—z’dr' +2'dx® + (1 + 2*)da® + (1 + 2*)dz* + (1 + 2°)d2®.
Then,
wAdw =2 (dz' Adz®) A (14 2°)de® + (1 + 2*)dz* + (14 2°)dz”) # 0

and

w A (dw)* = 0.

Hence, k£ = 2. Darboux condition holds. Moreover,

0 -1.0 00 -1 -1 0 0 0
10 000 1 =100 0
wi;j =10 0 10 0[=I+|0 0 000
0 0 010 0 0 000
0 0 001 0 0 000
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So, Chiappori and Ekeland condition holds as well. At the origin, £ € As(w)

means that

W) =0 = &+ +&=0.

(dw|(&m)) =0 = 2(&'* =) =0, V(n',n?).

So, (&' — &n') =0, V(n',n?) means that &' = €2 = 0. Thus, the matrix

0 -1 000 0 1 00O 000O0O
1 0 00O -1 0 0 0 O 00 00O
wijtwi; =10 0 100+ 0 01O0O0=]0022020
0 0 010 0 0010 00020
0 0 001 0 0001 0000 2

is positive definite on the space Ay(w) = {(&1,€2,€3,¢4,65)|€1 = €2 = 0}. So
the Zakalyukin condition is satisfied also.

We claim that w cannot be written in the form:
w = adu + bdv

where a and b are positive functions and u and v are convex functions. As-

sume otherwise. In particular, on the plane 23 = 2* = 2% = 0, we have:

ou v
et = (3:3)
ou ov

We assume that u(0) = v(0) = 0, then the Taylor expansion to u, v near

the origin in the plane (z', z?)

u = clxl -+ 02372 + Q1($1,372) + 0(||$||2)
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v=dia' +doa® + Qa(a', 2%) + o([[2|).

Respectively, where Q(x!,2?),Qo(z!,2?) are positive definite quadratic

forms. Then,

ou 0Q ou 0Q
T me SR o), e =t SR o). (35)
ov 0Q ov Q)
aﬂ—m+5i+mmﬁ,aﬂ—@+5§+umm- (3.6)

From equations (3.3) and (3.4), we get:

<8u ov ou 81}) 4 0v

v
_ ov 2_ _
Oz? 0x'  Ox! Ox? T oY a2 diw' +da2”+2Qa(x", %) +o( ||z [*)
2O _
ox?

(3.7)
ou Ov ou Ov , Ou 1 9 L o )
_ — - — 2
b <0$1 022 Ox2 83:1> aml c1r +eer”+2Qq (v, 27)+o(|[x|[7)
(3.8)

At the origin, the right hand sides vanish, and since a and b are positive

functions, we must have

ou Ov ou Ov

0r2 0r'  Oxloz® ey = erdy =0

This implies that the vectors (c1,cz) and (dy, dy) are parallel. One or both
may vanish, but in any case we can choose (x!,2?) # 0 near the origin so
that

it + eox? =0 = dyzt + doz®.

For such a choice of (2!, #?), the right hand sides of equations (3.7) and (3.8)

are positive. But, the left hand sides have opposite signs.
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3.2 Ekeland-Nirenberg Theorem

In this section, we discuss the Ekeland-Nirenberg Theorem which gives
an answer to the following problem.
Problem: Under what conditions can we represent a smooth differential 1-
form w = ﬁ;widxi defined on a neighborhood; U, of the origin in R", in the

form:

k
w= Z fldg, (3.9)
=1

where the f! are positive functions and the g; are strictly convex functions?
In [14], the previous problem was solved by Ekeland and Nirenberg and gave
the following necessay and sufficient condition.

Ekeland-Nirenberg Condition: Consider the subspace of the space of all

1-forms « defined as follow:
T = {ala Aw A (dw)* = 0}.

There is a k-dimensional subspace V' of Z(0), containing w(0), such that on
N =V, the matrix (w;;)(0) is symmetric and positive definite.

The Ekeland-Nirenberg condition requires that :
gT(wi,j)(O)n = nT(wi,j>(0)€7 vE,m e N.

T (wi;)(0)€ >0, YO#E€N.

Where N is the subspace of vectors & such that
a=0, VaelV.
Using this condition, Ekeland-Nirenberg stated the following theorem.

Theorem 3.1 (Ekeland-Nirenberg Theorem). Assume w is a smooth dif-
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ferential 1-form satisfying w A (dw)k=1 # 0 on a neighborhood; U, of the
origin. Then, w can be decomposed into the sum w = Zle fldg;, where
the f' are positive functions and the g, are convex functions in some neigh-
borhood; ¥V C U, of the origin if and only if w A (dw)* = 0 on U and the

Ekeland-Nirenberg condition is satisfied at the origin.
In the following we provide an example.

Example 3.3. Consider R? with coordinate system z, 3, z and the differential

1-form

w=(1+y)dz+ (1+z)dy+ dz.

Then we have

wAdw=0
and
010
(wij)0)=11 0 0],
000

We define the subspace Z of the space of all 1-forms « as follows:
7 ={ala Aw = 0}.
So, Z has dimension one and w is in Z, hence
Z(0) = {w(0)}.

The Ekeland-Nirenberg condition says that there exists a one dimensional
subspace V' C Z(0) such that the matrix (w;;)(0) is positive definite on V*.
Here Z(0) is one dimensional, that means V' = Z(0) = {w(0)} = {dz(0) +
dy(0) + dz(0)}.

{d(0) + dy(0) + d=(0)} = {(¢',€*,8°)I¢ + &+ & =0}
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Positive definiteness means

01 0\ [&
(51 52 £3> 100 52 :2€1§2>0
000/ \&

But, the matrix w;;(0) is not positive definite on V+, since the vector
(1,—1,0) is in V+. Thus, w cannot be written as w = du where the function

u is strictly convex.

3.3 Proof of Convex Darboux Theorem

As mentioned before, the goal of the convex Darboux theorem is to solve
the following problem.
Problem: under what conditions can we represent a smooth differential 1-
form w = i w;dz® defined on a neighborhood; U, of the origin in R", in the

=1
form:

k
W= Z fldg, (3.10)
=1
where the f! are positive functions and the g; are strictly convex functions?

Theorem 3.2 ( Convex Darboux Theorem). Assume w is a smooth
differential 1-form satisfying w A (dw)*=t # 0 on a neighborhood; U, of the
origin. Then, w can be decomposed into the sum w = zk:fldgl, where the
f' are positive functions and the g; are strictly conveml?zlmctions m some
neighborhood; ¥V C U, of the origin if and only if w A (dw)¥ = 0 on U and the

Ekeland-Nirenberg condition is satisfied at the origin.



3.3 Proof of Convex Darboux Theorem 38

3.3.1 Proof of Necessity

Let w(z) be a smooth differential 1-form defined on R", satisfying w A
(dw)*! £ 0 onU. Assume our problem has a solution in some neighborhood;
V C U of the origin; that is, we can repersent w(x) in the form:

k

w=Y_['dg (3.11)

=1
in V C U, where the f! are positive functions and the g; are strictly convex

functions. Then,

k
dw =Y df' ndg,

=1

and

(dw)* = kldfy Adgy A ... Ndfy A dge

Hence,

w A (dw)F = 0.

It remains to show that the Ekeland-Nirenberg condition holds at the
origin. The differential 1-forms dg,,dgs, ..., dgy are linearly independent in
a neighborhood of the origin. If not, then w(0) can be expressed as a linear
combination of k — 1 of them, which is a contradiction with w A (dw)*~* # 0
at the origin.

As we defined the subset Z before, dg; € Z, VI =1,2,...,k. Since
wA (dw)*' =0 Adgy Ndga A ... A dgy,
for some (k — 1)-form ©. Thus,
dgi A w A (dw)*! =0, Vi=1,2,... k.

Let V be the k-dimensional subspace of Z(0) spanned by dgq,dgs . . . , dgg.
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k
Thus, w(0) = Z 1(0)dg;(0) lies in V. Differentiating (3.11), we find

Thus, for every £,n € N = V*,

o of' 0gi . ~ 0 Po
> win = Zzaﬂag[@g +szlang;ﬂ ’

7,7=1 llz]_ =1 1,5=1
_ I gz i j
Z Z f x’@mi :
=1 1,5=1
Since
0? 0?
a2 Vi=1,1,... k.

0xi0xi — Oxidxi’
the right-hand side is symmetric in & and 7, therefore the left-hand side is
also symmetric. Thus, w; j(0) is symmetric on N. Furthermore, taking £ = 7,
by the assumption that the g; are strictly convex functions on R", we get
- P g
dxidxi

’LJ_

— = ¢ >0, VI=1,2,...,k, and 0#&€N.

n

and the f! are positive functions by the assumption. So, > w; ;¢ is a
ij=1
positive number for all 0 # ¢ € N. Hence, w; ;(0) is positive definite on N.

3.3.2 Proof of Sufficiency

Firstly, we are going to introduce some algebraic results that will be

needed.

Lemma 3.3. [15] Let o, ..., ap4 be linearly independent 1-forms and Q) a
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2-form such that

041/\.../\Oép+1/\Qq:O

for some integers p and q. Then,
a1 AL Aa AQTTE =0,

Lemma 3.4. [15] Let v, ..., ;1 be 1-forms such that oy, ...,qp_1,w are

linearly independent and satisfy
A A Aw A (dw)T =0
Define J; to be the set of all 1-forms « such that
aNai A A AwA (dw) =0
Then:
(i) Ji is spanned by 2k — 1 1-forms 1, ..., Tok_;.
(i1) If ® is a 2-form satisfying
(IJ/\al/\.../\al_l/\w/\(dw)k_lEO
then there exist 1-forms p; such that

2k—1

(I):ZNi/\Ti
i—1

Remark 3.1. [14] Let Z be a subset of the space of all 1-forms a defined
by:
T = {aja AwA (dw)*! =0}

Then, it generates a differential ideal.
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Proof. We claim that Z generates a differential ideal. This is equivalent to
the Forbenius condition: if oy, s, ..., asr_1 span Z, then there are 1-forms

ft;; such that
2%k—1

doy; = Z pi Ay, V1 <i<2k—1. (3.12)
=1
To verify the equation (;.12), let a 1-form « belong to Z, then
aAwA (dw) 1 =0. (3.13)
We apply the exterior derivative to equation (3.13), we get
da AwA (dw)' —a A (dw)F =0
By lemma 3.3, a A (dw)* =0 . So,
da Aw A (dw)* ' =a A (dw)* = 0.

By lemma 3.4 (ii), we obtain equation (3.12). O

Now we are ready to prove the sufficient condition: Assume the
Ekeland-Nirenberg condition is satisfied at the origin. Without loss of gen-
erality, we assume that at the origin, w(0) = dx!, and the subspace V is
spanned by dx!,dz?,...,dz*. Thus, N = V* consists of all tangent vectors

&, at the origin, such that

The symmetry of w; ;(0) on the subspace N implies that:
wi,j(O) = Wjﬂ'(()), VZ,j >k

Thus,
dw(0) =dr' Nag + 7
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with 7 = dz? A s + ... + da® A oy, where each o; involves only the dz? with

J >, and so again at the origin:
wA (dw)* =t = w A 787t with 7% = 0.
We need the following lemma in the proof:

Lemma 3.5. [1]] At the origin, if 1, ..., are any l linear forms in 'V,
then
BiA...ABAwA (dw) " =0.

Proof. Since py,..., [, are 1-forms in V', then for all : = 1,2,...,1

k
Bi =Y Byde’ = Buda' + 5]

J=1

So,

BiA...ABAWA(dw) ™ = BIA..AB AwA (dw)F!
= BIA...AB AwA(T)
By the definition of 7, we know that its compontents involve (k —[) products
of dz?,...,dz"* and each compontent in 8] A ... A ] involves [ products of
dz?, ..., dz".
Thus, each compontent in the product of the two involves k£ 1-forms of

dz?,...,dz", and hence each compontent is equal to zero. O

We are ready to start constructing ¢, go, . . ., G-

Construction of g¢;:

Define a subset Z of the space of all 1-forms « by:

T = {ala Aw A (dw)*! =0}
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Since Z has dimension 2k — 1 and satisfies the Forbenius condition, by Forbe-
nuis Theorem; there exist 2k — 1 functions uy, us, . .., usk_1, the differentials

of which span Z. We may choose uy, us, . .., u; such that, at the origin:
dui(0) = dz*, Vi=1,....k

u;(0) =0, Vj.

Since w € Z, we may write:

2k—1

w= Z a'du. (3.14)
=1

with a*(0) = 1 and @'(0) = 0 for all [ > 1. We will prove now that g is

strictly convex. So,
2%—1

ox?
=1

and

2k—1 2k—

B 8& 8ul 0wy
wi i (0) = — 0:1:3 81” Z 8:1:18953 (0)

2k—1

ad aul 0? Uy
— @(0)8:10" (0) + 0xi0xI

Since the Ekeland-Nirenberg condition is satisfied at the origin, then w; ;(0)
is positive definite on N. But Z(0)* C V+ = N, then w;;(0) is positive
definite on Z(0)*. So, for each ¢ € Z1(0), we have

= 81@(0)

et = I=1,....2k—1.
axz 5 b ) )

i=1

Then,
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n 2k—1 n
da' (0) Ouy(0) Puy ) :
)DERUICISED b PEALLIURERS gal (U
ij=1 =1 4,j=1 ij=1
*ui(0) j
Py 8xi8xj€£’

We claim that there exists ¢ > 0, such that

0?uy(0)

T, Ve THO)

cllEl® < D wi (06 =

i,7=1 2,j=1
we will prove the existence of the real number ¢ > 0. Note that positive def-

initeness of w; ;(0) means:

Z wi,j(O)éigj >0, on N

1,7=1

Define F to be the unit sphere in N, and consider the following function

h:E—R
n
£ Y wis(0)Ee.
ij=1
h is a continuous, positive function and F is a compact set, then the minimum

of this function is achieved and it is a positive number, which we call c.

Thus, for each £ € N and &/||¢|| € E

g
e< 2 @O

1,j=1
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Set
2%k—1

g1 :ul—i-eluQ—i-KZulZ
=1

with ¢; > 0 small and K large.

It remains to show that g; satisfies the desired properties.

i. Since dg; is a combination of duy, ..., dus_1, then dg; € Z. Thus

dgi Aw A (dw)F=t = 0.

ii. The g; is strictly convex function at the origin. Since at the origin,

0%91(0) 0?u1(0) 0%uy i 8ul

il iy J
lea"ﬁiaffjgf 618355 313]€€+2K;; 8$Z
We consider two cases:
(a) For £ € Z4(0), we have
Pg1(0) 9y (0) i ?uy(0) ) 5
J_ awlaxjgg - ]— 8 Za JSS :1 a Za ] ||§||

for small €.
(b) For £ belongs to complementary subspace of Z+(0), then

2k—1 n

8291()' 8u1 j (‘9u2 j 8ul
(%Zaxﬂgg_ 818J€£+ ZaZaJ££+2KZZ axz

t,j=1 =1 i=1

§||§||2 ¢>0.  For K large enough.

Finally,
2%—1

dg, = duy + €1dug + 2K g wyduy
=1
At the origin,

dg1(0) = dx' + e;dz’.
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Construction of ¢g;, for 1 <[ < k — 1: We now argue by induction.

Suppose we have constructed the functions
91,92, - -5 9i-1
for [ < k — 1, and positive numbers
€1,€9,...,€_1
satisfying recursively,

dgy A w A (dw)F™!

0,

dgo A dgy Aw A (dw)*—2

0,

dgi_y Ndgi_o A ... Ndgy Adgi Aw A (dw)* 1 = 0.

and at the origin,

dg;(0) = dx' — e;da’ + e;da'™
forall i =2,3,...,l — 1, while fori=1,
dg1(0) = dx' + e;dz’.

Now, we construct ¢g; with similar properties. Define a subset Z; of the space

of all 1-forms « by:
T ={alaAdg_1A...Ndy Aw A (dw)*" = 0}

Since 7Z; generates a differential ideal, and has dimension 2k — [, using For-
benius theorem, there exist 2k — [ functions uq, us, . .., usg_; spanning Z;.

From the definiton of dg; at the origin, then dg; € V forall: =1,2,...,1—1.
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Let o be a 1-form in V', then by lemma 3.5 we get at the origin
a/\dgl/\dgg/\.../\dgl_l/\w/\(dw)k_l =0

that means a € Z;(0). Thus, V' C Z;(0) . We may choose uy, ug, . .., uy such

that, at the origin:
dui(0) = dz', Vi=1,....k
u;(0) =0, Vj.
Again,

2k—I1

w= Z a'du. (3.15)
I=1

with a'(0) = 1 and a'(0) = 0 for all [ > 1. So,

2k—1

w; = E a -
‘ oxt
=1

and
21 -1
dal ,  Ou 0%u
wig(0) = D55 (0)55(0)+ D al(0) 55 (0)
=1 =1
1 9al oy 0%uy

— @(0)833" (0) + 0xi0xI (0).

By assumption, w; ;(0) is positive definite on N. But Z;(0)* C V+ = N, then
w; ;(0) is positive definite on Z(0)*. So, for each £ € Z;-(0), we have
“~ 9uy(0)
3 L R |

: ox’
1=1

Then,
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n 2k—1l n
i 8ul 0? Ul
> wig(0)E'e = > Z 83}3 oa e+ Z Grid
ij=1 =1 ij=1 i,j=1
a2U1< ) i j
= 0zt 0x &

By our assumption on V, it follows that, for some ¢ > 0, we have

> e 006 = Zazajfsf clelf, Ve e h(0)".

i,7=1 i,j=1
We now define

2k—1

g =u; — qu; + upp + K Z(Ul)Q
=1

i. Since dg; is a combination of duy, ..., dus_;, then dg; € Z;. Thus

dgg Ndgi_1 N\ ... Ndgi ANw A (dw)k_l =0.

ii. With similar discussion as before, the g is strictly convex function at

the origin. Since at the origin, we find that

8291() j 2
kil > S|l

i,j=1

Hence, at the origin
dgi(0) = da' — dat + edax"™.

Construction of g:

We have constructed g1, ¢go, ..., gr—1 with convex property, finally we con-

struct g. Define a subset Z, of the space of all 1-forms « by:

Ty = {alaNdgr_1 A ... Ndy ANw =0}
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Since Zj generates a differential ideal, and has dimension k, by Forbenuis
Theorem; there exist k& functions wy,ws, ..., wy, the differentials of which

span Z. We may choose wy, ws, ..., w; such that, at the origin:
dw;(0) = dx', Vi=1,...,k

w;(0) =0, Vj.
Since w € 7, we may write:

k

w= Zaldwl (3.16)

=1
with a'(0) = 1 and a'(0) = 0 for all [ > 1.

We now set
k

Jr = Wy — €pwy + KZ(wl)Q.

=1
As before, by assumption, w; ;(0) is positive definite on N = V+ = Zi-. Then

for small ¢, > 0 and large K, we get

"L 02, (0) i < Clien
LA Y oY o S S .
— 81”'8303'55 - 2”5||

,j=
Hence, at the origin

dgr(0) = dx* — e da”.

To complete the proof of the convex Darboux theorem, we must show

that in the repersentation
k
w = Z fldg,
=1

all the f! are positive functions at the origin.

Remark 3.2. At the origin, the dg;(0) are independent, so the f!(0) are
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unique.

But at the origin,

w(0) = da*
dgi(0) = dz' + e1da?

dg2(0) = da' — eada® + exda®

dgk_l(O) = d.l’l — ek_ldxk_l + Ek_ldl‘k

dg(0) = dz* — e da”.

Then:

1 1
—dg,(0) = —da' + dz?
€1 €1

1 1

—dgs(0) = —da' — d2® + da®
€9 €9

1 1
——dgi_1(0) = —da' — da* ! 4 da®
€k—1 €k—1
ldgk(O) = ldxl — epda®.
€k €k

Summing up, we get

which gives the desired decompostion

w(0) =" £1(0)dgi(0)

=1
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o1

with

This concludes the proof.



Chapter

Decomposition Of
Homogeneous Differential

Forms

Many economic functions are homogeneous of different degrees. For ex-
ample, the demand function is homogeneous of degree zero when the income
function is homogeneous of degree one. This property is called in economics
” the absence of money illusion”, which means that if you multiply prices and
income by same constant then the consumer is indifferent. In this chapter, we
ask the following question: what are the necessary and sufficient conditions

for a given k-homogeneous differential 1-form w to be decomposed as

a'(x)du;(x)

MN

1

<.
Il

where the functions a’(x) are (k + 1)-homogeneous and the functions u;(x)

are 0-homogeneous?

52
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4.1 Integrability Of Homogeneous Differen-
tial Forms

Consider the vector space R™ with coordinate system (z',z?,...,2").

Define the vector field X in the tangent space of R™; that is, X € TR" by

X:;x&zﬂ

Define the differential 1-form w by

w= z”: wi(r)dz"

The exterior derivative of w, denoted by dw, is the 2-form

n
&ui

oxI

1,j=1

dw = dz? A dxt

In the following theorem we study the simplest case in which we find an

L-homogeneous function g(z) such that w = dg(z).

Theorem 4.1. Let w be an (L — 1)-homogeneous differential 1-form such
that L # 0. Then, there exists an L-homogeneous function g(x) such that
w = dg(x) if and only if dw = 0. Moreover, g(v) = .
Proof. Suppose that a given 1-form w is homogeneous of degree L — 1 and
dw = 0. Using Lie derivative, then,

Lxw = Lw

On the other hand, Lxw = txdw + dixw. Since dw = 0, then

Lxw=dixw= Lw
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So,

w= Zd/,Xw

Since dw = 0, by Poincaré lemma, there exists a function g such that w = dg.
So we have
1

w= d(zaxw) =dg

Then, g = %L xw. Moreover, the function ¢ is L-homogeneous since txdg =

txw = Lg(z). Hence, we get the required result. O

Corollary 4.2. Let w be a C?, —1-homogeneous differential 1-form. Then,
there exists a 0-homogeneous function g(x) such that w = dg(zx) if and only

if txyw =0 and dw = 0.

Theorem 4.3. Let w be a C*, k-homogeneous differential m-form such that
m+k # 0. Then, dw = 0 if and only if there exists a differential (m—1)-form

o such that w = do, where o is given by

LxW
g = .
k+m

Proof. Suppose that a given m-form w is homogeneous of degree k and dw =

0. Using Lie derivative. Then,
Lxw=(k+mw
On the other hand, Lxw = txdw + dixw. Since dw = 0, then
Lxw=dixw= (k+m)w
So,

1
w =
k+m

dixw.

Since dw = 0, by Poincaré lemma, there exists a differential (m — 1)-form o



4.1 Integrability Of Homogeneous Differential Forms 95

such that w = do. So we have

1
k+m

w=d( Lxw) =do

Then, we get an (m — 1)-form o such that w = do, where o is given by

LxW
k+m

g =

This completes the proof. n

We now consider the following lemma.

Lemma 4.4. Let w be a differential 1-form such that dw = 0. Then, w is
—1-homogeneous if and only if d(txw) = 0.

Proof. Let w be a differential 1-form such that dw = 0. Then, w is —1-
homogeneous if and only if Lyw = d(txw) + tx(dw) = 0. Hence, w is —1-

homogeneous if and only if d(txw) =0 O

In the following we provide some examples.

Example 4.1. Consider the vector space R? with coordinate system (z,y)

and the differential 1-form

—2? 2
w = 3 dx + —Zdy
x x
So, w is —1-homogeneous and
—4 —4
dv = —3ydy/\d:1:+—3ydx/\dy
x x
= 0.
and
2% 2y?
LxwWw = Qj3 _33'2
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where X = xa% + ya%. Then, there exists a 0-homogeneous function g = z—i

such that w = dg.

Example 4.2. Consider the vector space R? with coordinate system (z,%)

and the differential 1-form
w = 3(z — y)*dr — 3(z — y)*dy.
So, w is 2-homogeneous and

dw = —6(z—y)dyNdr—6(x—y)dz Ady

= 0.

So, w is closed on R2. By Poincaré lemma, it is exact. Then, w = dg where

g(z) = sixw = 2% — 32y + 3xy® — °.

In the next theorem we answer the following question: given a homoge-
neous differential 1-form w, do there exist homogeneous functions f(z) and

g(x) such that w = f(x)dg(x)?

Theorem 4.5. [5] Let w be a k-homogeneous differential 1-form such that

wAdw =0 and txw # 0. Then, there exists a function g such that w =

(txw)dyg.

Proof. Suppose that a given 1-form w is homogeneous of degree k and w A

dw = 0. We know that Lxw = txdw + diuxw. Then,
WA Lxw=wA (ixdw+ d(txw)) =wA (txdw) +w A d(txw) (4.1)

Since

tx(wA dw) = (Lxw)dw —w A (Lxdw)
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Substitute the value of w A (1xdw) into equation (4.1), we get
WA Lxw=—tx(wAdw) + (txw)dw +w A d(txw)

Since w A dw = 0 and w is k-homogeneous then w A Lxw = 0. Then, the last
equation implies that

d((1xw)tw) =0

By Poincaré lemma, there exists a function g such that w = (txw)dg. The

proof is complete. n

Example 4.3. [5] Consider the vector space R® with coordinate system

(x,y, z) and the differential 1-form
w=2z(y + 2)dr — 2xzdy + ((y + 2)* — 2* — 222)dz.
Then, we notice that w is 2-homogeneous and
wAdw=0.

Then,
ixw = z((y + 2)* — 2?)
where X = xa% + ya% + z%. Then,

2(x +y+2)

w = (txw)dg = (txw)dIn i1yt

Notice that g(z,y, z) is non-homogeneous function.

Lemma 4.6. [5] If w is a C', k-homogeneous differential 1-form such that
txw =0 then txdw = (k+ 1)w

Proof. w is k-homogeneous if and only if Lxw = (k + 1)w. But, we know
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that
Lxw = d(ixw)+ txdw

Since txw = 0. Then, we get
Lxw=1ixdw=(k+ 1w
The proof is complete. O

Proposition 4.7. [5] Let w be a C* differential 1-form such that txw = 0.
Then, wA\dw = 0 with w is k-homogeneous if and only if there is a differential

1-form B such that dw = ANw with 1x8 =k + 1

Proof. Let w be a C! differential 1-form such that txw = 0. If dw = B A w
then w A dw = 0. We take the interior product of both sides of dw = 8 A w,
then
txdw = (txfB)w — (txw)B = (k+ 1w
So
Lxw=d(ixw)+ txdw = (k+ 1w

Then, w is k-homogeneous. Conversely, if wAdw = 0 with w is k-homogeneous

then there exists a differential 1-form g such that dw = § A w. Moreover,
txdw = (1xf)w — (txw)B = (k + 1)w.

So, txf =k + 1. Hence, we get the required result.
]

Theorem 4.8. [5] Let w be a C*, k-homogeneous differential 1-form such
that txw = 0 and w A dw = 0 in a neighborhood U of some point T. Then,

there exist a (k4 1)-homogeneous function f and a 0-homogeneous function

g, defiend in a neighborhood; ¥V C U, such that w(z) = f(x)dg(x).
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Proof. Suppose that w A dw = 0. By Darboux theorem, there exist two
functions f and g such that w(z) = f(z)dg(z). Since txw = 0, then

txdg = 0.

That is; ¢ is a 0-homogeneous function. We have

w

dw =df Ndg and dg:?

It follows that

dw:%/\w

Apply the vector field X = Z x - to both sides of previous equation and

use lemma(4.6), we get

df
)

f

Thus, txdf = (k+ 1)f, which means that f(z) is (k + 1)-homogeneous

(k+1Dw=(tx—

function. This completes the proof. O

Theorem 4.9. [5] Let w(z) be a C', k-homogeneous differential 1-form.
Suppose that w has rank r = 2k in a neighborhood; U, of some point T and
txw =0 for all x € U. Then, there exist 2k functions, a*,...,a* ui, ..., u

defined in a neighborhood, V C U, such that
k
(a) w(x) =3 a'(x)du(z).

(b) The functions a*,...,a* are (k + 1)-homogeneous and uy,...,u; are

0-homogeneous.

Proof. w(x) has rank 2k in a neighborhood U; that is,
A (dw) 1 #£0, wA (dw)* = 0.

Then, part (a) follows by Darboux theorem. To Prove part (b), we take
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the exterior derivative of both sides of w(x) = Zf a'(z)du;(x). We get the

following expression for dw:

k
dw = Z da’ A du; (4.2)

i=1

Assume, without loss of generality, that a'(z) # 0 for all z € V. Then

I
1 i
du; = E(w — iz:;a duy;)

Substituite the value of du; in the equation (4.2), we get

al al

k 1
dw:di/\w+ (da—dia)/\dui
=2

using lemma(4.6), we get

(k + )cu—LX—qurZLX(da——a)duZ i( — a! )Lxdui.

Substituite for w from part (a) into the previous equation, we get

1 k 1

k k
da ; , da ,  da
<an——(k’+1)) E a'(x)du;(x)+ g Lx (da - ?a> du;— g (da - ?a> Lxdu; = 0.

7 1=2 =2

Rearranging terms, we get

<LXa61lC(L;) —(k+ 1))al(x)dul - g [LX (da" - %a’(x)) - (axa(f?l) (k + 1)) Yz )] du;
k

k
— Z(axdui)dai + altx) Zai(ac)(LXdui)dal =0
=2

i=2
Since da!,...,da!,du,,...,du; are linearly independent differential 1-forms, we
find that
ixdui(z) =0 and ixda'(z) = (k+ 1)a’(z)
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which means that the function u;(x) is 0-homogeneous and the function a*(z) is

(k 4+ 1)-homogeneous for all i = 1,2,..., k. The proof is complete. O

More generally, using Darboux theorem and the previous result, we obtain

the following theorem.

Theorem 4.10. [5] Let w(z) be a C', k-homogeneous differential 1-form.

The following statments are equivalent:

1. w has rank r = 2l in a neighborhood, U, of some point & and txw = 0

forallz elU.

it. There exist 2l — 1 linearly independent 1-forms v, ay, aq, ..., o1,
B 6%, ..., Bt such that

k—1
dw:w/\v—i-Zozi/\ﬁi
i=1

with txy =k +1,1xa; =0 and 1xB* =0 foralli=1,...,1—1in U.

ii. There exist 2 functions, a', ..., a',uy, ..., u defined in a neighborhood,

YV C U, such that
!

w= Z a'(x)du;(x)
where a',...,a' are k + 1-homogeneous and ui,...,u; are O-

homogeneous.
Proof. (a) implies (b). Since (dw)’ # 0 and w A (dw)’ = 0 then there exist
2] — 1 differential 1-forms v, ay, o, ..., 0q—1, 3%, 5%, ..., 871 such that

-1

dw:w/\’y—l—Zai/\Bi

=1

We notice that

(dw) =1 a1 ABHYA .. Ay ABTHY Aw Ay #0.
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Setting? 62
It follows that the 1-form oy, ..., a;_1, 3%, ..., 7!, w,~ are linearly indepen-
dent. Then,

-1

Lxdw = (txy)w — (exw)y + Z ((exw)B" = (exB)a) -

i=1
Using the fact that txdw = (k + 1)w, txw = 0 and the linear independence
of ar,...,au_1, B, ..., B w,, it follows that

ixy=k+1,1x0; =0,0x3° =0, Vi=1,...,1—1.

(a) implies (c). Conversely follow form Barboux theorem and the homogene-
ity of the functions a;(z), ..., a;(z),ul(x),..., u'(z) follows form theorem 4.9.

This complete the proof. m

4.2 Why Does Ekeland-Nirenberg Theorem
Fail In The Homogeneous Setting?

Given a smooth differential 1-form defined on a neighborhood; U, of some
point Z in R"
w = Z w;dz
i=1

Under what conditions can we represent a smooth 0-homogeneous differential

1-form w in the form:

k
w= Z fldg, (4.3)
=1

on a neighborhood; V C U, of &, where the f' are 1-homogeneous positive
functions and the g; are 0-homogeneous convex (or quasiconvex) functions?
This decomposition is encountered in many economic applications. For exam-

ple, the problems of characterization of excess demand functions, Marshallian
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demand functions when consumers income function w(7) is homogeneous of
degree one and also for household demands in a similar setting. By a classic

result in exterior differential calculus; Darboux Theorem, if w has rank 2k,
WAdwW) 40 and wA(dw)*=0 on U.

then (4.3) holds. If w satisfies (4.3), then

k
dw=">"df* ndg,
=1
and
(dw)® = kldf* Adgy A df? ANdg, ... Ndf* A dgy,

hence,

w A (dw)f =0

Darboux theorem does not give any guarantee for positiveness of the coeffi-
cients and convexity of the coordinates. Moreover, the Ekeland and Niren-
berg gave a necessary and sufficient condition for just the positivity of f! and

convexity of g;. Define the vector field X as

X:2xaxi

We denote by txw, the interior product between the vector field X and the

differential 1-form w. The Ekeland and Nirenberg introduce the subspace Z
defined by
T ={alaAwA (dw)* =0}

Ekeland-Nirenberg Condition: There is a k-dimensional subspace V' of
Z(0), containing w(0), such that on N = V+, the matrix w; ;(0) is symmetric

and positive definite.
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As we mentioned in previous section, if the 0-homogeneous differential

1-form w can be represented in the form

k
w=>_ fldg
=1

where the f! are 1-homogeneous functions and the g; are O0-homogeneous

functions. Then,
0 WY, 0
LXW—Zfl Zl 1+Zfla—§;x2+...+2fla—$x”
=1 !

_Z]u@gl z_'_ZJﬂ 92 2 N _'_ka%xz

The functions g; are 0-homogeneous, Using Euler’s formula we get

Zflagl z_ %xl:o7 Vl:l,l,k’
— oz’

So, txw = 0. Then, the subspace Z is of dimension 2k — 1 and is spanned by

I(x) = {w,a1,..., 051, 8., 551}

Clearly, z € T+ (x) since txw = 0,1xa; = 0,1xB3 =0 foralli = 1,...,k —
1. Therefore, Ekeland-Nirenberg Condition cannot be fulfilled in the
homogeneous setting which is natural since the functions ¢;,l = 1,...,k

cannot be strictly convex.
N=V* and VcI(z) = T'@x)cV*

Hence, The matrix w;; cannot be positive definite or negative definite on
N = V+. In the previous section we proved the existence of homogeneous
decomposition, but we need also the additional positivity and convexity con-

ditions.



Chapter

Applications

Consider a household that consists of M members (consumers). Each

consumer is characterized by his own utility function
Utu?,. . UM RN R

So that U™ (y1,¥2,--.,ym,Y) where y,, € RY is member m’s private con-
sumption and Y € Rﬁ is the household’s common consumption of public
goods and U™ is increasing and strongly concave.

We assume that the decision process within the household is Pareto effi-

cient; that is,

Axiom 1. The outcome of the household decision process is Pareto efficient,
that is, for any price vector, the consumption vector (Y1, Yo, - - ., Y, Y) chosen
by the household is such that no other (Y1, Y2, - ., Y, Y) in budget set could

make all consumers better off with at least one of them in a strict sense.

The set of Pareto efficient allocations can be characterized by maximizing
M
a weighted sum of utility functions > g, (1)U™(y1, Y2, - --,Ynm, Y ), where

m=1

the price-dependent functions p; > 0, e > 0, ..., uar > 0, are Pareto weights

65
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that satisfy the normalization condition % fm(m) = 1. The p,,(7) repre-
sents the power of member m within the n};glllsehold.

The collective demand function is the solution to the utility maximization
problem under the budget constraint 77'¢ < w(w), where 7 € RY, is the price

T is the transpose

vector and w(m) is the collective income function, where 7
of .

The utility maximization problem under the budget constraint takes the
form:

max U(x, 1) subject to 7'z < w(rm)

where U(x, 1) is the utility function that takes the form:

y17y27"'7yM7

U(ZL’,/,L): max {Z/‘Lm y1’y27"'7yM7Y)‘y:‘r}

where z is the total purchases of the household, w(w) is the household’s

income function and u
m=1

The solution of this problem is characterized in [11] when the income function
is price dependent.

We define a differential 1-form and set up an integration problem. The
integration problem splits into Mathematical integration problem and Eco-

nomic integration problem.

e Mathematical integration. Given function £(mr) € RY, what are the
necessary and sufficient conditions for the existance of 2M functions

N(m), Vi), =1,..., M that satisfy the equation

8Vl ¢ ow
ZAl 87?’_ ont (5.1)
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with w(r) = 7T,

e Economic integration. In addition to mathematical integration, we
impose the following condition on the functions that satisfy equation
(5.1); the functions \(m) are positive and the functions V!(r) are

strongly concave.

The necessary and sufficient conditions for mathematical integration will

be solved using Darboux Theorem [15].

5.1 Collective Demand Function: Non-
homogeneous Case

Consider a household that consists of M members. Each consumer is

characterized by his own utility function
Utu?,. . UM RVMED R

So that U™(y1,v2,...,ym,Y) where y,, € RY is member m’s private con-
sumption and Y € Rf is the household’s common consumption of public
goods and U™ is increasing and strongly concave.

Pareto optimal allocations are characterized by the following maximiza-
tion problem

M
max Z ,LLm<7T)Um<ylay27"'ayM7Y)
1

Y15Y25-YM>Y =
(F) subject to
r=y and 7wlz <w(m).

where z is the total purchases of the household, w(w) is the household’s
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income function and u
m=1

We assume the household’s income function w(m) is nonhomogeneous. The
above maximization problem can be written as a two stage maximization
problem

max U(z, 1) subject to 7'z < w(n) (P1)

where

U=, o Y @V e eVl = (22

Y1,Y2;5e-YM,Y

we note that the solution x = £(m) of problem (P1) is obsevable, whereas the
solution (y1,¥s,-..,Yym, Y ) of problem (P2) is not.

Define the function V as follow:
V(m, 1) = max{U(z, p)|7"z < w(m)}

Let 2 = &(m, ;1) be the maximizer that satisfies 77&(m, ) = w(n) which is
a Marshallian demand function when consumer’s income is price dependent.

The collective indirect utility function is defined as follow:

V(m) = V(m,u(r)) = UE(m, u(r)), p(r)) (5-2)

Theorem 5.1. Let V() be the indirect utility function defined by (5.2). If

w(m) is a convex function then V(m) is quasi-convex.

Proof. Let ™ and 7 be price vectors. Consider the combinations
r=tn+(1—-t)7, for te(0,1).

Suppose that V(7)) < U(x,pn) and V(7)) < U(x, ). We want to prove that
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V(1) <max{V(7),V(7)}. Introduce the following sets
S={z|xTe <w®)}, S={z77z<w@®}, S=I{z77z<w(®))}.

We claim that S ¢ SUS. If this is not the case, then there exists x such
that 77x > w(7) and #7x > w(#) whereas 77z < w(7). It follows that for
any t € (0,1), taiTax > tw(f) and (1 — )77z > (1 — t)w(7). Adding up the

last two inqualities and using the convexity of w(7), we get
il =7+ (1 -t)7) 2> tw@) + (1 — w(F) > wts + (1 - t)7) = w(7)

Hence, 772 > w(#) which is a contradiction. So S C S U S which implies
that
V(F) = maxU(z, 4) < max U(z, 1) = max{V(z), V()}

€S zeSUS

which means that V() is quasi-convex. Hence, we get the required result.

[]

The map @ — é(w,,u) is the standard Marshalian demand function
associated to © — U(x,p). This map satisfies the budget constraint
WTé(ﬂ',[Ll, ..y i) = w(m) and the extended Slutsky matrix S(7) defined

by
. 1

S(m) =D, ——ADWAWWTDWA
(%) = Dok = (D& (D20

~

In addition, it is related to & by () = &(m, i, f2y - -, fnr)-

Proposition 5.2. [The SR(M-1) Condition] Suppose that () is a col-
lective demand function and w(w) is the household’s income function. Then,
the extended Slutsky matriz is the sum of a symmetric matriz plus a matrix

of rank at most M — 1; that is,
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where:

(1) The matriz X(7) is symmetric and satisfies v'3(m)v = 0 for all vectors

v € Span{r} and v'¥(m)v < 0 for all vectors v ¢ Span{r}.
(2) The matriz R(m) is of rank at most M — 1.

Proof. Since &(m) = &(m, w1 (7). jia(), . .. pas (). Then,

M-—1
DW& - DWé + Z(Dumngmum)‘ (53)
m=1

Thus, the extended Slutsky matrix correspending to the collective demand

function ¢ is:

S(m) = D& —

Using equation (5.3), we get

M-1

S(m) = Dﬂé""Z(D#mé)(Dﬂum)_m (Dﬂé"‘ Z(Dumé)(Dme)) mrt (Dxf).

Rewrite this equation as:

S(?T) - é ( wé) ( ﬂé)ﬂ-ﬂT(DTrf>
M- 1 .
mZ:: Dﬂm€ wﬂm) ([ — mﬂﬂ (Dﬂf))

= B(m)+ Y am(m)b

=1

3

Where the matrix ¥(m) is the extended Slutsky matrix associated with the

function é(o, [, - -, far), the matrix 3(m) has the standard Slutsky proper-
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ties, and where a,,(7) and b,,(7) are vectors defined by:

nl®) = Dy ) = (Dutin) (1= - n (D).

In particular, a,,(7)b,,(7) is of rank at most 1 for all m =1,..., M — 1, so
that R(m) = Y.ML ()b (7) is of rank at most M — 1. Tt follows that
the extended Slutsky matrix S(7) decomposes as the sum of a Symmetric

matrix plus a matrix of rank at most M — 1. O

Assume that the household’s income function w(7) is a non-homogeneous

function, then the collective demand function &(7) is also non-homogeneous.

Define the differential 1-form w as follow:
N
w=Y &dm — dw (5.4)
i=1

its exterior derivative is
N .
8 (3
dw = Z 8—7§d7rj A dm;

ij=1""7

Introduce the vector field II as

N
0

Differentiating the budget constraint 77¢ = w(7), we get

, Ow o” T
13 _57ri:_z T = =7 Dr&.

Then, the differential 1-form w can be written as

N 8§k
87’@'

ik=1

TRdm;.

N
w= Zfidﬂi —dw = —
i=1
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Proposition 5.3. Let &(m) be a collective demand function of class
C?. Let w be the differential 1-form defined above and dw be its exte-

rior derivative. Then, there exist 2M — 1 linearly independent 1-forms

PyQq, o Qpr—1, B, - Bar—1 such that
M-1
dw:p/\w+ Zam/\ﬁm
m=1

Proof. Since

Then,

N
dwzz

ek ]
i,j=1 | m=1 k aﬂj
. 85’“
g dm; N dm;
2]
where vector v is defined as:
S—
v=———(DE)T.
(D) "
So,
M-1
dw = Z&m/\ﬂm—i-p/\w
m=1
where
N N
Ay = Z airldwi, B = Z bfndm
i=1 i=1
The proof is complete. O

Lemma 5.4. [11] The following conditions are equivalent:
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(1) The Slutsky matriz S(m) decomposes as S(m) = X(m)+ Y. apm(m)bm (),

with () symmetric.
(2) wA (dw)M = 0.

(8) There exists 2M — 1 linearliy independent 1-forms (p, oy, ..., a1,
M—1
B, Bu—1) such that dw =pAw+ > @ A B
m=1
The following theorem is a consequence of the Convex Darboux Theorem

and solves the economic integration problem.

Theorem 5.5. Let {(m) be a C™ function that satisfies ©'&(m) = w(m)
and the SR(M-1) condition in a neighbourhood, U, of w. Suppose that
the matriz X(r) is symmetric and negative definite on E(m)t = span{€ —
Dﬂw,Dmé, e aDqulé}L- Then, there exist M positive functions \,, and

M strongly concave functions V™ such that
M
§(m) =) AnD:V™ (1) + Dyw
m=1

in some neighbourhood, V, of ®. Moreover, the function w(m) is conver.
Proof. Let w; and €2, ; be defined by

ow % 9*w

w; =& — I and €, =

(97rj aﬂ'jﬂ'l'

Then, ) = D, £ — D?w can be written as

Q = S(m)+ Wlwf)ﬂ(l)wf)WTT(an) — D2w
(S 1 T 2
= X(m)+ mZZI U () Dy () + W(Dwf)ﬂ'ﬂ' (D,&) — D:w.

Introduce a subspace E(r) as

E(r) ={¢ = Dyw,D,,&,..., Dy, £}
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The restriction of Q to E(r)* is symmetric and negative definite. Since
the matrix Y(7) is symmetric and negative definite on E(7)* and D?w is
positive semi-definite on E(7)%. The result follows from Convex Darboux

Theorem. O

Theorem 5.6. [11] A necessary and sufficient condition for a smooth dif-

ferential 1-form w = % E'dm; — dw(m) defined in a neighborhood; U, of T to
i=1 v

decompose into the sum w = Z f'dg;, in a neighborhood; V C U, of &, for

some positive functions f° arzzlstmngly concave functions g;, is that there

exist 2M — 1 linearly independent 1-forms o, ..., an—1, b1, -, Bar—1, 7 Such

that dw decompose as

M-1

dw:CU/\’}/—FZCYZ‘/\ﬁZ‘

=1

in a neighborhood;Y C U, of w, and the matrix

Q(7) = Dy&(7) — D2w(7)

1

is symmetric and negative definite on [E(7)]-, where

E(m) = Span{w, p1, ..., By-1}-

5.2 Collective Demand Function: Homoge-
neous Case.

In this section, we consider problem F with the additional assumption
that the collective income function w(7) is 1-homogeneous and the Pareto

weights pi,,(7),Ym = 1,..., M are 0-homogeneous; that is,

Dyw(m)mr =w(r), and Dypy(m)mr=0, Vm=1,..., M.

°
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As before, the problem F can be written as a two stage maximization problem
max U(x, u) subject to 7'z < w(n) (P1)
x

where

Y1,Y2;5e-sYMY

U=, o Y @0 e e V= (22

The first-order conditions for (P1) are

e < w(nm)

where A(m) > 0 is the Lagrange multiplier associated with the constraint.

Define the function V(mr, i) as
V(s ) = max{U (€, p)la"€ < w(m)}
So the collective indirect utility function is defined as
V(m) = V(m,u(r)) = UE(n), p(r))

Using envelope theorem, we find that

oV ow [\ o AU O
87'('1' N )\(ﬂ-) <87TZ B ) + a,u_m 871'@'

m=1
The homogeneity assumption on w(w) implies that the collective demand
function £(m) is 0-homogeneous and the collective indirect utility function
V() is 0-homogeneous and the Lagrange multiplier function A\(w) is —1-

homogeneous; that is,

D (mrm =0, D V(m)r=0, and D \m)m=—\(m).
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In this setting, the Slutsky matrix takes the form

M—-1
( 7r£ s ‘|’ ﬂﬂm)'

m=1

1

Sr) =Dk = D

We notice that the Slutsky matrix of the collective demand function ()
decomposes as the sum of a symmetric matrix plus a matrix of rank at most
M — 1. Call this condition SRH(M-1).

Define the 0-homogeneous differential 1-form w as

N ow
wim) = (& - 87T')d7rl-.
i=1 ¢
and the vector field II as

N
0

Proposition 5.7. Let {(m) be a collective demand function, V(m) be the
collective indirect utility function and let V'™ (m) be the indirect utility function

for member m. Then,

o =0 (G —€) + X (i V) G

Proof. We know that the collective demand function &() is the solution of

the following maximization problem
max U(€, u(m))  subject to ¢ < w(r).

The envelope theorem implies that the derivative of the function V() with

respect to m; is given by

o~ (5

oU O,
¢ ) Z a,UJm om;
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But

U(E n(m) = Y (MU (Y1, s, Y).

Using the normalization condition S 4, () = 1, we can write U (€, u(r))

as
U(& p(m)) = Z pn () (U™ (s e, Y)=UM (s e, Y) AU (1, yan, V).

It follows that

ou

a,u =U"(y1,...,ym,Y) — UM(yl,...,yM,Y) =V™(r)— VM(ﬂ').

Thus,

oV = Ot
87r,-:A<)<87r2 §)+m - (W))a—m-

=1

Then we can decompose w as

where ¢™ = %ﬂ‘)ﬂw(”) Notice that w is decomposed as

M
= E a™ (m)duy, (T
-1

where the functions a™(7) are 1-homogeneous and the functions w,,(7) are

0-homogeneous.
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5.3 Individual Excess Demands

In many applications, it can be helpful to consider the excess demand
functions instead of Marshallian demand functions. So, for any Marshallian
demand function z(p), there exists an excess demand function z(p) defined
by z(p) = x(p) — e where e € R is the initial endowment. In [10], the
authors give the local and global characterization of excess demand functions.
In [4,6], Aloqeili generalizes the characterization conditions of excess demand
functions of Geanakoplos and polemarchakis. In this section, we solve the
homogeneous mathematical integration problem and economic integration
problem of excess demand function z(p).

Let U(x) be a consumer utility function over a set of consumption bun-
dles that satisfy certain smoothness, monotonicity, and concavity conditions
and let the Marshallian demand function x € R’ sloves the individual max-

imization problem

(Z) { max U(x) subject to plaz=ple.

@
where e is the initial endowment and p € R’ is the price vector that is
associated with the consumption bundle x. Note that the income function
w(p) = p’e is homogeneous of degree one. The excess demand function is
defined by z(p) = z(p) — e where z(p) solves the problem Z. Note that

2, = . Then, the Jacobian matrix z,(p) satisfies

Ulp
) 69)

Zp =AU — (U 'p) (U 'p)" —

pU~'p
where U is the Hessian matrix of U(z). Thus, the problem Z can be written

as follow:

maxu(z) subject to plz=0
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where u(z) = U(z + ¢). The Slutsky matrix S = z, — Z((’;)) (pTz,) takes the

form:
- ﬁ(z@) Lo (p)

Since z(p)zT(p) is a symmetric matrix, the Slutsky matrix of excess demand

functions is a symmetric matrix s defined as follow:

Proposition 5.8. Let z(p) be an excess demand function. The matriz § has

the following properties:

(1) s =3T.

(8) The matriz § is negative semi-definite.
(4) The matriz § has rank n — 1.

The first-order conditions for maximum are

where A\(p) > 0 is the Lagrange multiplier associated with the constraint.

Introduce the indirect utility function V(p) defined by
V(p) = max{u(z)|z € R*,p"z < 0}

By the envelope theorem, we get
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Proposition 5.9. Let V(p) be an indirect utility function, u(z) is reguler.

Then, V (p) is quasi-convez, positively homogeneous of degree zero.

Define 0-homogeneous differential 1-form w as follow:

w=) 2(p)dp, (5.7)

=1

Introduce the vector field 7 as

- 9,
" ;plapi

Then, equation (5.6) implies that the differential 1-form w that is defined in

(5.7) can be represented in the form
w = pudV

where the function p is negative and homogeneous of degree one and the

function V is quasiconvex and homogeneous of degree zero.
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