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Abstract

In this Thesis we introduce an extension continuous time model for the famous Merton’s
model by considering the problem of an economic agent whose lifetime is uncertain
and aims to determine the optimal strategies concerning social welfare purchase, life
insurance purchase, consumption and investment. The economic agent aims to maximize
an expected utility obtained from family consumption, size of estate in the event of
premature death, and size of estate at retirement time if she lives that long. We assume
that the economic agent agrees to sign contract with a selected (i) social welfare provider
from an available social welfare market composed of finite number of welfare providers,
and (ii) life insurance company from available life insurance market composed of finite
number of life insurance providers. Meanwhile, first we assume that the economic agent
invests all her saving in a financial market consists of one risky free asset and one risky
asset. An extension to the problem under consideration is being formulated when the
economic agent invests her saving in a financial market consists of finite number of risky
assets. We restate the problem under consideration as an optimal control problem and
apply the DPP to drive the corresponding HJB equation, a second order nonlinear PDE
whose solution is the desired objective function. Finally, we manage to find explicit
solution for the optimal strategies.



el

G AU P e Osine g3sed et Mt Ly B350 pum Al ode
S Slawl AN was ] Oug s 8085 g Ol 035 sl (oalaBl s Ian
JS59 Oag Lilally SNl SLA T e cnldl el gy Lslaa N1 Gle )1 oty Sl Lo
G A o2y ¢ 5N IR e Like | guad] & P dssdl il gl ) gl
Ol paAis 2 sl 3l s s oo 15} aslidl oy 3 WA oy ¢ 31 6 Ul
L) Gy oo 2 Belotal e, pale (1) o i by o Bl golaSYl S
e ol 5 () 5 Ll Lle )] EE NVRTEC RIS (W) CL:A islos!
o ould) Sless gedie o 3902 sus e 05K AU LA fe ) g e S
b Gew 3 alrae el LBl S of Vgl o i ¢ dld eae sl
sl sl o o Joly Ll o Jis aly J..;TQ; O 95
oo 2902 oas e 06K b e § s oolaBV LSl Gy b L) uS
254 DPP ooy &l 5_4 e L;JL;;p el ag 0al) &l a5l JgoV!
Ol byl oo Loy LW i Wl e ks e DPP ay ¢ LGl HIB dsles

N SLaglAS 221y o sl o LSS Bl il

vi



Contents

List Of Figures ix
List of symbols X
1 Introduction 1
2 Basic preliminaries 5
2.1 Brownian motion and Markov process . . . . . . ... ... L. 13
2.2 Differential equations . . . . . . . . ... Lo 14
2.2.1 Ordinary differential equations . . . . . .. . ... ... ... ... 15

2.2.2  Stochastic differential equations . . . . . . .. ..o 17

2.3 Tto’sformula . . . . ...l 18

3 Optimal strategies within a social market of L. welfare providers and

one risky asset 21
3.1 Model setup . . . . . . . e 22
3.1.1 Financial market with one risky asset . . . . .. ... .. ... .. 22
3.1.2 Life insurance market . . . . . ... ... Lo 23
3.1.3 Social welfare market . . . . .. ... ... ... ... ... 25
3.1.4 Wealth process . . . . . . . . . .. 28
3.2 Stochastic optimal control problem . . . . . . ... ... ... ... .. 30
3.3 Hamiltonian theorem . . . . . . . . .. ... oo 33
3.4 Optimal strategies in terms of the value function . . . . . . ... ... .. 38
3.5 The family of discounted constant relative risk aversion utilities . . . . . . 45
3.6  Explicit solution . . . . .. ... o 45

4 Generalized form: optimal strategies within a social market of L wel-

fare providers and financial market of N risky assets 57
4.1 General framework . . . . . ..o Lo 57
4.1.1 Generalized industrial market models . . . . . .. .. .. ... .. 58
4.1.1.1 Financial market with N risky assets. . . . . .. .. ... 58

4.1.2  Generalized wealth process . . . . . ... ... ... ... ..... 60

4.2 Generalized stochastic optimal control problem . . . . .. ... ... ... 61
4.3 Dynamic programming principle . . . . . ... ..o oL 62

vii



4.4  Generalized optimal strategies in terms of the value function . . .. ...

4.5 Explicit solution for the generalized optimal strategies . . . . . . .. ...

5 Conclusion
References

viii



List of Figures

2.1
2.2

A SAMPLE PATH FOR A SOLUTION OF A DIFFERENTIAL EQUATION . . . .
A SAMPLE PATH FOR A SOLUTION OF A STOCHASTIC DIFFERENTIAL
EQUATION . . o o vt v e e e e e

ix



List of symbols

Borel o-algebra

Natural numbers

Real numbers

Random variable

Space of n-dimension

Sigma algebra

Filtration

Empty set

Infimum

Supremum

Minimum

Maximum

Tensor product

Inverse image
Hamilton-Jacobi-Bellman
Ordinary differential equation
Partial differential equation
Stochastic differential equation
Brownian motion

Dynamic programming principle
Expected value

Constant relative risk aversion
Financial market

With respect to

min{7, 7}

Optimal control problem

For all

There exists

Belong to



Chapter 1

Introduction

In this Thesis we extend the work done by Moath in his reference [20] in
the following sense: (i) Mousa et al. in [25] introduced a problem of obtaining
the optimal strategies for the wage-earner with an uncertain lifetime. In the final
Chapter, they got the solution in the case of constant relative risk aversion (CRRA)
utilities. (ii) Sondos [21] studied the problem of finding the optimal strategies for
an economic-agent whose lifetime is uncertain and enters the social security system.
In special case of discounted (CRRA) utility function she got the optimal strategies
of consumption, investment and life insurance selection within registering in the
social welfare system but the welfare level was not being controlled. (iii) Moath
[20] made an extension on Sondos’ work. He found the optimal strategies for a
wage earner with uncertain lifetime where the welfare policy is being a new control
variable in the case where the social welfare system consist of only on welfare
provider. He used the dynamic programming principle derive Hamilton-Jacobi-
Bellman (HJB) equation and then try to find explicit solution using a special case
of family which is CRRA.

We make an extension by allowing the welfare policy to be an additional control
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variable in the case where the social welfare system consist of finite number of
welfare providers. We assume that the economic agent has access the welfare
policy as another kind of family protection. To address this problem, we're going
to use the idea of dynamic programming principle. We will derive the result which
is nonlinear partial differential equation whose solution is the value function of the

problem under consideration using dynamic programming principle (DPP).

The starting point and development of Dynamic Programming Principle (DPP)
was attributed to Bellman’s work in [5, 6]. In [7], he made an extension on his
previous work with deterministic control process. As we know, the solution of
deterministic control process is a backwards recursive relation which is a partial
differential equation of order two whose solution is the desired value function.

More details were discussed in [14, 15, 39].

Yarri was the first researcher who started working in the filed of optimal financial
planing decision under uncertain lifetime in his reference [34]. After that, many
papers have been published based on Yarri’s research such as the work done by
Hakansson in [17, 18]. He worked in a discrete - lifetime and his purpose was to
maximize the expected utility for the entrepreneur from investing in money and

financial markets.

Similarly, in a discrete-time framework, Fischer in his research [13] examined life-
cycle patterns of optimal insurance purchase in detail using the dynamic program-
ming technique and obtained the formula for the present value of the future income,
a formula that is different from the one under a certain lifetime. He emphasis in
his paper on the comparative static and dynamics of the insurance demand and

function, more than existence of a solution itself.

The stochastic model of optimal investment and consumption decision was intro-
duced by Merton in [23, 24]. His models studied an individual with a fixed income

who aspires to maximize the utility return of consumption and wealth.



Richard collected between Yarri’s model and Merton’s programming in his refer-
ence in [32]. Richard in [32] and Fischer in [13] both got a human capital theorem,
but Fischer got it only for function with Constant relative risk aversion (CRRA)
utilities. More realistic models are still developing today. For example, Andersen

Model [3] and Markove modulated risk model [4].

In 1991, Dumas in [10] studied a problem for a investor who saved his wealth

without consumption. At final point, the whole wealth was consumed.

A stochastic optimal linear quadratic control problem faced in [2], while in [40]
there is an additional condition that is forbidden to have short selling of stocks.
In, [26], H. Ou-Yang provided a model which had an interaction between investor

and professional manger.

Pliska and Ye in 2007 in their reference [27] depend on their work by Ye [35, 36].
They considered a problem notable by a wage earner with continuous lifetime
related with finite number of risky assets. In addition, Pliska and Ye in [27]

extended on Merton’s model for a wage earner who have a random time in life.

Bellman’s principle of optimality plays an important role with applications, hence

many papers used it later such as [2] in 2010.

Duarte et al. in [9] expanded Merton’s model. In addition, they relied on reference
[27], but with a financial market (FM) comprised of one risk-free and an arbitrary
number of risky securities in multidimensional Brownian motion (BM) space. They

discussed some properties of the solution in the case of CRRA utilities.

Shenab and Weib in [30] deemed a model for a wage earner in a complete market

with BM and unbounded parameter.

H. M. Soner and N. Touz based on Merton problem they consider a problem
with small proportional transaction costs in their reference [32]. They used the

asymptotic analysis to approach the solution of their problem.



In 2019, Ye released new papers including stochastic problems. For example, in
[38] he used the marginal approach in order to solve his problem and achived his
goal to maximize the expected utility. A problem of random distribution kernels

which defined on a product space discussed in [37].

In this research, we will extend the work done by Mousa et al. in [25] and Moath
[20] by allowing the welfare policy to be a control variable in the economic agent’s
problem. We assume that the economic agent has access the welfare policy as
another kind of family protection through a contracts which starts at ¢ € [0, 7],
where T is the retirement age for the economic agent. The new setting in this paper
is that the economic agent has access to L. welfare providers and want to choose
one only at a time. We consider that the economic agent is paying an amount ¢(t),
where [ = 1,2,..., L to the 1 social welfare which is called the welfare premium.
The welfare premium ¢;(¢) is assumed to be based on a welfare rate h;(t) which is
determined by the social welfare provider itself. If the economic agent perish at
time 7 < T while participating in the social welfare policy, the social welfare pays

a sum of money given by

as a substitution to the family.

We organize this Thesis as follows. In Chapter 2 we will review some definitions
which help us in our thesis. In Chapter 3, we will look for the optimal strategies
under a social market of . welfare providers and one risky asset. To reach such
strategies we use dynamic programming principle technique. In Section 3.5, we
reach an important proposition in the case of CRRA utilities. In Chapter 4 we use
similar technique in order to study the problem of the economic agent who enter
industrial market with finite number of risky security assets. In the final Chapter
we get our conclusion.

Our main results in this Thesis are Theorem 4.2 and Proposition 4.1. Note that

the readers suppose to have a good knowledge in measure theory.



Chapter 2

Basic preliminaries

The purpose of chapter 2 is to review some definitions that will be needed through

this thesis.

Definition 2.1. [12] Let Q be a nonempty set. A o -algebra on ) is a collection
F of subsets of ) with these properties:

1. 0,Q € F.

2. If Be F, then B° € F.

3. If By, Bs,--- € F, then

er
=1

Example 2.1. Let Q =N . Then
F={0,9,{1,3,5,...},{2,4,6, ...} },

1s 0 -algebra, where N is the natural numbers.

Definition 2.2. [12] If F is a o - algebra on Q we called (Q, F) a measurable

space.



Example 2.2. Back to example 2.1 (2, F) satisfies 2.2.

Definition 2.3. [12] We name
P:F —[0,1],

a probability measure if:

(1) P(0) = 0.

(2) P(Q) = 1.

(8)0<P(B) <1, forall Be F

(4)P(UZ Bi) < 22, P(Bi), If By, Bs,--- € F.
(5) If By, Ba, ... are disjoint sets in F, implies

P (U B,-) => P(B).
i=1 i=1
(6) if C,D € F, then
C C D implies P(C') < P(D) .

Definition 2.4. [12] A triple (Q, F,P) is called a probability space.

Remark 2.1. [12] A property that’s true exclude for an event of probability 0 is

called to occur almost surely ( abbreviated “a.s.”

Definition 2.5. [12] (2, F,P) is named a complete probability space if VA € F
with P(A) = 0,VG C A then G € F.

Definition 2.6. [29] Let C C Q, then there is a smallest o - algebra He consisting
C, meant

He = ﬂ{?—[,?—[ is o — algebra of Q,C C H},
or named the o - algebra generated by C.

Definition 2.7. [29] If C C R", then the Borel o -algebra B is the smallest o

-algebra of subsets of R™ consisting all open sets.
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Definition 2.8. [28] The collection of Lebesque measurable sets is a o-algebra

which contains all open sets and all closed sets.

Definition 2.9. [22] A mapping
Y0 R™,
defined on (S0, F,P) is named F -measurable if
Y U):={weQY(w) eU}eF,

YV open sets U € R™.

Definition 2.10. [12] Let (Q, F,P) be a probability space. A function
Y :Q— R,

is named an n -dimensional randome variable (RV) if V. B € B, we get
Y Y(B) € F,

where B denotes the collection of Borel subsets of R™, which is the smallest -algebra

of subsets of R™ containing all open sets and B are called Borel sets.

Definition 2.11. [12] Let A € F : Then

1 ifxeA
Ia(x) = (2.1)
0 ifxé¢ A,
is called the indicator function of A.

Example 2.3. The indicator function of A is a RV.

Definition 2.12. [22] A collection of RV X;,t € T with values in R is named a

stochastic process.

Definition 2.13. /8] Let (Xt)teR+ be a stochastic process on the probability space

(Q, F,P) and valued on the measurable space (E,B) (i.e, E is o-algebra on B ).
7



The process (Xt>teR+ 1s measurable if it is measurable as a mapping defined from
R, xQ — FE.

Definition 2.14. [29] A filtration is a family
F = {-7:1:}1520 )

of o -algebras verifies

0<r<t=F. CF.

Definition 2.15. [12] A stochastic process
X = {I‘t it e T},

on a probability space is adapted to the filtration if for any t, X; is an F ;-measurable

RV.

Definition 2.16. /8] The process (X;),cp+ is called progressively measurable rela-

tive to the filtration (Fy),cp+ if, for all t € RT, the function
(s,w) € [0,t] x Q@ = X(s,w),

18 (B[o,t] ® .7-}) -measurable.
Definition 2.17. [8] A real-valued process is named predictable relative to a fil-
tration (‘Ft)teIR+7 if a mapping

R, x Q2 — R,

is measurable relative to the o -algebra generated by the same filtration.

Definition 2.18. [29] If
| @) < o
Q



then

PIX)i= [ X)) = [ adux(a),

s named the expectation of X .

Definition 2.19. [29] Two subsets B,C € F are independent if
P(C N B) =P(C)P(B).
Definition 2.20. [29] If two RV X,Y are independent then
E[XY] = E[X]E[Y],

needed E[|X|], E[|Y]] < 0.

Definition 2.21. [12]
V(X) ::/ X — BE(X)|*dP,
Q

called the variance of X.

Definition 2.22. [12] The distribution function of X is
Fx :R" —[0,1],

and defined by
Fx(z) =P(X<zx), VreR"™

Definition 2.23. [8] Let X be a RV. The mapping
Fy :R = [0,1],

with
Fx(t)=P(X <t]), VteR.

Named the cumulative distribution function of X.

9



Definition 2.24. [12] The joint distribution function

Ym : (Rn>m — [07 1]7

.....

of the RV
Yi,.... Y, : Q=R

18
Fy, o~ Wiy ym) =P(Y1 <y, . Yo < Ynm)
Vy, e R k=1,....,m.

Definition 2.25. [12] Let
X:Q—R",

is a RV and F its distribution function. If 3 a nonnegative, integrable function
f:R" =R,
such that

F(:v):F(xl,...,xn):/m.../wnf(yl,...,yn)dyn...dyl.

Hence f is named the density function.

Theorem 2.1. [33] Define a probability space (2, F,P), X and Y integrable RV
on 2, and C and B sub-o fields of F.

(1) E[BX + pY | C] = BEIX | C] + BE[Y | C] for B, € R.

(i) If X >Y then E[X |C] > E[Y | C].

Definition 2.26. [29] An n -dimensional stochastic process { M}, on (2, F,P)
is named a martingale to { M}, if

(i) My is My -measurable for all t,

10



(ii) E [|M;|] < oo Vt.
(iii) E[M, | M,] = M, Vs > t.

Definition 2.27. [12] Suppose
g:[0,7T] = R,

1s continuously differentiable deterministic function and not a stochastic process,

with g(0) = g(T) = 0, then we define

T T
/ gdW = —/ gWidt,
0 0

where fOT gdW is a RV.

Lemma 2.2. [12] Let g be a function that satisfies the previous definition, then

E[/OngW]zo.

Definition 2.28. [12] A Gaussian process is a stochastic process { Xyt € T} for

which any finite linear combination of samples will be normally distributed.

Theorem 2.1. Fubini - Tonelli theoream [11]

Suppose A and B are o-finite measure spaces. not necessarily complete, and if

either
/ (/ f(fﬂ,y)dy) dz < oo,
A\JB
or
/ (/ f(x,y)dy) dx < oo,
B \Ja
then
| 1wl < o
AxB
and

[([rena)a= [ ([ seow)u=[ e

11



Definition 2.29. [16] Assume function f(x,y) is a smooth function. The gradient

of f(x,y) at a point (xo,yo) is the vector

—

Vf(xo,y0) = fo(w0,y0)i + Jy(20,90)3-

Definition 2.30. [19]

Given the optimization problem
max f(z),

subject to

hi(r) =0, VjeJ,

Then x* a local mazimum if there exists multipliers p; > 0,

all 3 € J such that

Vi) =) Ve = > AVhia) = 0,
i J

pigi(x*) = 0,

:ui Z 07

These are the Kuhn-Tucker conditions.

Vi € I and \; for

Vi eI,

Vi e I

Definition 2.31. [16] A vector field is a function that assigns a vector to each

point in its domain. A vector field space the form

— -

F(x,y,2) = M(z,y,2)i + N(z,y,2)] + P(z,y, 2)k.

12



We say that
(i) A wvector field F is a continuous if the component functions M, N, P are con-
tinuous.

(i1) F s differentiable if the component functions M, N, P are differentiable.

Definition 2.32. [16] A function is of class C™ if it is differentiable n times and

the n'" derivative is continuous.

2.1 Brownian motion and Markov process

In this section, we will discuss the meaning of Standard One-Dimensional BM and
n -Dimensional BM. Brownian Motion was first observed in 1827 by the biologist
Robert Brown. The definition and proving the existence of Brownian Motion was
studied by Norbert Wiener in 1920. Hence, Brownian Motion is same as Winner

Process.

Definition 2.33. [12] A stochastic process
B={B,:0<t< o},

defined on probability space (Q, F,P) adapted to filtration F; is named standard
one- dimensional BM (Wiener process) if:

1. B are continuous function of t.

2. Bp =0 a.s.

3. For 0 <r <t, By — B, is independent of F .

4. For 0 <r <t the increment B, — B, 1s normally distribution with mean zero

and variance t — r.

Definition 2.34. [8] The real-valued process (Wi(t), ..., Wy(t)),s, is called an n
-dimensional BM if
1.VEk e {1,...,n},(Wi(t))»o is a Wiener process.
2. (Wi(t))is0,k =1,...,n, are independent.
13



Proposition 2.1. [§/
1. The Wiener process is a Gaussian process.
2. The Wiener process is a martingale.

3. Almost all paths of the BM (Wt)teR+ are not differentiable anywhere.

Definition 2.35. [12] B(R) is the usual Borel sigma algebra generated by the open

sets.

Definition 2.36. [12]
X ={X;:0<t< o0},

defined on (Q, F ,P) adapted to filtration F ; and take values in R? is called Markov

process with initial distribution p if the following proprieties hold:

1. P(Xo € A) = pu(A) for any A € B(R?).
2.if s,t >0 and A € B(R?), Then

P(X, € AlF,) = P(X,t € AIX,)  acs.

The second property is called the Markov property (i.e. the conditional probability

distribution of future states rely just on the present state).

2.2 Differential equations

In this section, we will discuss the difference between ordinary differential equa-

tion (ODE) and stochastic differential equation (SDE).

Definition 2.37. [1] Differential equation is an equation that contains one or

more terms and the derivatives of one variable.

14



2.2.1 Ordinary differential equations

Definition 2.38. [1/ ODE consist of only one independent variable and one or
more of its derivatives relative to the variable (only ordinary derivatives appear in

the equation).

Confirm a point xo € R". The ODE :

where

b:R" - R",

is a smooth vector field. Also,

x(+) : [0,00) = R",

is the trajectory of the solution.

Below is a graph of a possible trajectory of the solution of ODE.

x( €)

FIGURE 2.1: A SAMPLE PATH FOR A SOLUTION OF A DIFFERENTIAL EQUATION
Definition 2.39. [31/A 1°' order linear ODE is linear has the form

dy

4, HA@y = B@), y(ro) = m,

15



where y is the dependent variable and x is the independent variable.

Let us now solve the following ODE, which will appear in Chapter 2.
Example 2.4. The following ODE

dSo)
So(t)

=r(t)dt, So(0) =s¢ > 0. (2.2)

Can be solved using the integrating factor method. First let us write it as the

following
dSp(?)
dt

— 1 (t)So(t) = 0.

The integrating factor p(t) is computed as
u(t) —e fot r(t)dt‘

The solution has the form

Solt) = ﬁ (/u(t).de + c) |

where C' is a constant

Hence,

So(t) = Celor®dt,

Using that Sp(0) = sp > 0 we obtain
So(t) = s = Clelo r®at,

Hence

Finally,

t

So(t) = spelo O

16



2.2.2 Stochastic differential equations
In this subsection we define stochastic differential equation and give an example
illustrate it.

Definition 2.40. [12] Any SDE is a differential equation with some coefficients
are being random, and so its solution will have some randomness.
Stochastic differential equation is a modification on the ODE include random effect

disturbing the system

where

B :R" — M"™™

and

£() :== “white noise”.

Below is a graph of trajectory of the stochastic differential equation.

wLE)

Xeo

FIGURE 2.2: A SAMPLE PATH FOR A SOLUTION OF A STOCHASTIC DIFFERENTIAL
EQUATION

Example 2.5. Given the following differential equation

dN

= a(t)N(t), N(0)= Ny (constant),

17



where
1.N(t) is the size of the population at t.

2. a(t) is the relative rate of growth at t and
a(t) =r(t)+ “noise” .

This model is named the population growth model so the previous DE becomes

stochastic.

2.3 1It0’s formula

In this section we will state Ito’s formula which help us to find the derivatives

of the SDE.

Definition 2.41. [12/ L1(0,T) is the space of all real-valued, progressively mea-

surable stochastic process F(.) such that

E [/X|F|dt} < .

Definition 2.42. [12] L?(0,T) is the space of all real-valued, square-integrable
functions defined on (0,T).

Definition 2.43. [12] Suppose that X(-) is a real- valued stochastic process satis-

fying
X(r):X(s)—l—/ert+/erW (2.3)

for some F € L10,T),G € L*(0,T) and all times 0 < s <r < T. We say that
X () has the stochastic differential

dX = Fdt+GdW, 0<t<T.

18



Theorem 2.3. [12] Given the SDE
dX = Fdt + GdW,

for F € LY0,T),G € L*(0,T). Assume u(x,t) defined by
w:R % [0,T] = R,

has continuous 1t and 2" derivative with respect to x and continuous 1% derivative

with respect to t exist and are continuous. Put

Implies Y has the SD

ou ou Pu
Yy = Edt + %dX + 0.5@61 dt.

ou  Ou 10%u ou
— (EJF&)_xFJFE@G)dHa_deW (2.4)

We call (2.4) 1t6’s formula. If we want to write the Ito’s formula for one standard
BM we use chain rule as follow. Let f(x) and Y(t) are a differentiable functions,

then

—fY (1) = fY©)Y'({)
= SY(@)dY(®).

However, if Y(t) is not differentiable and has nonzero quadratic variation, then

the formula is

df(Y(t)) = f(Y ())dB(t) + 0.5 (Y (t))dt.

The above equation is give use an equivalent form and idea how we get (2.4).

19



Remark 2.2. Note that the identity (2.4) means that for all0 < s <r <T,

Y(r)=Y(s) = u(X(r),r) —u(X(s),s)

" ou u 1 0%u N
_ / LX)+ SO + 5 S (X 0GRt
" Ju

Since if we set s =0 in 2.3 we get
X(r):X(O)+/ th—i—/ GdwW
0 0

Concluding that X () has continous sample paths almost surely. Thus for almost
every path, the functions

t— u (X(1),1),
t— u, (X(),1),
t— Uy (X(t)7t>7

are continuous; and so integrals in the statement of this remark are defined.

20



Chapter 3

Optimal strategies within a social

market of L welfare providers and one

risky asset

In this Chapter, we extend work done by Moath introduced in [20] by allowing
the welfare policy to be a control variable added to the problem of the economic
agent. We assume that the economic agent has entered the welfare markets to
save her family through a contracts which starts at time ¢ = 0 up until time T
in the future, where T is the retirement age for the economic agent. The new
setting in this chapter is that the economic agent has L welfare providers and
want to choose one only at each instant of time ¢ € [0,7]. And the economic
agent pay an amount ¢ (t) where [ = 1,2,..., L to the I'" social welfare which is
called the welfare premium. The welfare premium ¢;(¢) is based on a welfare rate

hy(t) determined by the [ social welfare provider.

21



3.1 Model setup

Our industrial markets consists of the financial market which is available to the
economic agent, the life insurance market and social welfare market. In this section

we describe their details separately. After that, we introduce wealth process.

3.1.1 Financial market with one risky asset

e Consider a complete probability space (€2, F,P).
e W (t) is a standard one-dimensional BM.

o Let
F= (]:t)te[O,T]v

be the P- augmentation of the filtration generated by the one-dimensional

BM denoted by W(-),

e T interpreted as the economic agent retirement time.

Assume FM comprised of a risk-free asset with time- t price symbolized by (So (t))o<;<r

that evolves with time by the ODE
dSo(t) = So(t)r(t)dt,  so(0) = so, (3.1)
and one risky security s;(¢) evolves with time according to the linear SDE:

?sfét)) = p(t)dt + (AW (1), 5,(0) = 51, (3.2)
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where Sy(0) = sp and S1(0) = s; are a positive constant.

The expected rate of return for the risky asset is defined by

w10, T] = R,

and assumed to be a continuous function named the risky security expected rate

of return. o(t) is the risky-asset volatility and

0:10,T] = R,

is a continuous mapping verifying o2(t) > j,Vt € [0, T], for some positive constant
J-
Assumption 3.1. [25] The coefficients r(t), u(t) and o(t) are deterministic con-

tinuous functions on [0,T] such that the interest rate r (t) > 0.

3.1.2 Life insurance market

Assume that the economic agent is still live at t = 0. In addition, her lifetime is

a RV given by 7 > 0 and defined on (92, F,P).

Assumption 3.2. [25] The RV T has a distribution function

G~ :]0,00] — [0, 1],

with density probability

SO

The insurance market contains a group of I companies each company offers a

different contract. The life insurance is obtainable continuously by paying an
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premium rate

¢i(t) 1 [0, T] = (0,00)

for each : = 1,2, ..., I to the company.
If the economic agent perish at time 7 < T" and she is still covered by insurance,
the company pays:

1(r) = 240, (3.

where

G [0,7] = (0,1),

is a continuous and deterministic function named the i insurance premium-

payout ratio.

Assumption 3.3. [25] Assume that the I insurance companies suggest pairwise
distinct contracts, i.e, (;,(t) # (;,(t) for every iy # iy and Lebesque-almost-every

t€10,7].

¢(t) is written as a vector by

b1(1)
Pa(t)

or(t)

where for each ¢ € 1,2, ..., I. If the economic agent did not sign the contract with
the i'" insurance company then ¢; equals zeros. Otherwise it take the value that
the economic agent paid. At each instant of time ¢ € [0, T, the economic agent is

assumed to sign only one contract.
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3.1.3 Social welfare market

We assume that L social welfare providers offer services in the social welfare mar-
ket. The economic agent aims to choose one social welfare which make the best
advantage of this offer to protect her family. The contract between the economic
agent and the social welfare market finishes as the economic agent dies or reaches
to pension age, which occurs first.

If the economic agent dies at time 7 while participating in the social welfare policy,

the social welfare provider pays

@(7)
) 3.4
ha(r) (3.4)
where the welfare rate
hl(t) : [OaT} - (07 OO),
is continuous and deterministic positive function for all [ = 1,2,..., L which is

determined by the social welfare provider, and the welfare premium

q(t) : [0,T] — (0, 00),

is non-negative deterministic function for each [ =1,2,..., L.

The economic agent total legacy to her estate at 7 < T is then given by

T(r)= ;—’Lll((:) . (3.5)

Assumption 3.4. We assume that the L social welfare provider suggest pairwise

distinct contracts, i.e, hy, (t) # hi,(t) VI # ly and Lebesque a.e at t € [0,T].
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We can write ¢(t) as a vector,

Qi (1)
(1)

q(t)

The quantity ¢(t),¥l € 1,2, ..., L, represent the life-insurance rate paid to the
[ insurance company. If the economic agent did not sign the contract with the
insurance company then ¢; equal zeros. Otherwise it take the value that the
economic agent paid. We assume the economic agent signs only one contract at
each instant of time ¢ € [0, 7.

Now we can denote the total legacy for the economic agent in the case of an early

death at time 7 < 7T as:

]~

X430, 3 al

— G(7) hi(7)’
where X (t) represent the economic agent’s wealth savings at time t € [0, 7).
Now we want to define a new function, which is called the survivor function denoted

by G7(i.e the probability that the lifetime is equal or greater than to t)

The function £(¢) , which is called hazard function is the ratio of the probability

density function g(z) to the survival function:
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Also previous equation can be rewritten as:

From the definition of survivor function, note that —g(¢) is the derivative of G

so we get:
—dG™T

£(t) = iy

£(1) = — 5 (nG ().

Integrate from 0 to t and introduce G*(0) = 1:
t
—/ E(u)du = In G (t).
0
Take exponential function of both sides, so that
GF(t) = e~ Jo &), (3.6)

Because of the probability density function is related to the hazard function, we

obtain:

g(t) = £(t)el= o swdu)

Hence, they are a relation between hazard functions and density functions. From

now, the hazard function is known and defined as
&(t) : [0, 00] — (0, 00),

continuous, deterministic function verifies:

/0 T e(t)dt = o
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Let G* (k,t). be the conditional probability for the economic agent whose still

live at time k conditional stilling live at ¢ < k, given:
G+ (k1) = P({T > kY{r > t}). (3.7)

Similarly, we can define G~ (k,t) to be the the conditional probability for the
economic agent time of death to happen at time k conditional to still live at t < k,

as:

G~ (k,t) = P({T <k} | {r> t}).

Also g~ (k,t) represent the corresponding density function with G~ (k,t), then we

get:

g (k,t)= %G (k,t). (3.8)

3.1.4 Wealth process

Assume the economic agent is started with initial wealth x. She will get an
income m(t) through the period [0, T'AT]. m(t) stops by her death or her pension.

That depends on what come first.

Assumption 3.5. [25]
m(t) : [0,7] = [0, 00),

1s a deterministic Borel-measurable function verifying
T
/ m(t)dt < oo,
0
which s called the integrability condition.

Assumption 3.6. [25]

. Assume the consumption process (k (t))yc,cp 15 @ (Fi)geyer Progressively measur-

able non negative process verifying for T'> 0
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fOT K (t)dt is finite a.s.

2. The i insurance premium-payout ratio for each i = 1,2, ..., I and the ' welfare
premium-payout for each | = 1,2,..., L are a non-negative (}—t)ogth predictable

process.

3. Let 0, (t) denote the fraction of the economic agent wealth allocated to the asset

S, at time t. Then the economic agent portfolio is given by

01
0= e RY,
On
If we know 04(t),...,0,(t), then
N
Oo(t) =1 0a(t),
n=1

since all 0,,(t) € [0,1], for all n=0,1,..., N and t € [0,T].

Moreover, we assume it a (‘Ft>0§t§T progressively measurable satisfying:

S0 () |12dt is finite a.s.

Now we can introduce the wealth process X(t), t€ [0,T A 7].

X(t) = a:0+/0 (m(s) —k(s) — qui (s) — Zq(s))ds
) T s
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Since in this Chapter we have one risky asset (N=1) above equation can be rewrit-

ten as

X<t>:xo+/0 <m<s>—m<s>—2¢n<s>—Zq<s>>ds

" X (5) b0 () "X (5)61(s)
T / Haetasy (9 + / S s (). (3.9)

Differentiate (3.9) relative to t we get
I L
dX
X0y (m@) SR IUESS q<t>>
i=1 I=1

X ()00 (1) dSe () X ()0 (1) dSy (1)
TS0 S d

Substitute (3.1) and (3.2) in above equation we obtain

C}i_)t( = (m(t) — k(t) — Z i (t) — ZQ(t)>

i=1 =1

sy ro + 2 080 (w0 + o0 —dw(”) .

So (t) Sy (t) dt

Multiply by dt we get

(Hg(t)r(t) + 6, (t)u(t)) X(t)) dt + 0, (t)o(t) X (t)dW (t). (3.10)

3.2 Stochastic optimal control problem

In this section we will define the expected utility for the economic agent.

e Denote C (0, x) is the set of all admissible decision strategies

(k(-),0(),q(),0()).
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e L (t,-) represent the utility function for the economic agent’s family con-

sumption level at time ¢ € [0, T1.
e R () represent the utility function for the terminal wealth at pension.

e Y (t,-) represent the utility f for the amount of the economic agent’s legacy

at t € [0,7] is denoted by .

Recall that that total legacy as said in previous subsection. Then we define the

expected utility by:

Eo.x /0 ' L(s,k(s))ds+ (Y (7, T (1)) +Y(r, T (7’)) Loy (7)

+R (X (T)) Lr,e0) (T) |

where 14 is the indicator function of set A.

Assumption 3.7. [25] The utility functions
L, () 0,71 x [0,00) = [0, 00),

Y (t,(-)) : [0,T] x [0,00) — [0, 00),

are twice differentiable, strictly increasing and strictly concave functions on their

second variable. And

R :[0,00) — [0, 00),

is a twice differentiable, strictly increasing and strictly concave function.

In this section we will use traditional methods to get explicit formulas for the
economic agent’s optimal decision strategies. In detail, we refer to Yee (2006)
for driving the Hamilton -Jacobi- Bellman equation after that we solve it for the

optimal strategies on a fixed planning horizon.
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Let (k(t), ¢(t),0(t),q(t)) € C(t,x) be the decision strategies for the dynamics of the
wealth process with boundary condition X (¢) = z. For any (k(t), ¢(t),0(t),q(t)) €

C(t,x) we define the corresponding expected utility as:

J(t,z;v) = Ei /t ’ L(s,k(s)ds+ (Y (r,T (7)) +Y (T, Y (T)))l[()’T] (1)

+ R (X},

(T)) Yooy (T) |7 >t | |, (3.11)

where X7 (S) is the solution of the stochastic differential equation (SDE) (3.10).
Depends on that all previous assumptions are hold 3.1-3.7, then we can get the

next lemma.

Lemma 3.1. [20] If 7 is independent of F, then

J(t,z;v) = Ei

/t <G+ (k) L (k, ki (s)) + g~ (k) (Y (k, T (s))

+Y (k, Y (s))dk: + G (T, t) R(X (T)) | F |,

where Gt (k,t) and g~ (k,t) as in (3.7) and (3.8).
Proof. See [20]. O

The previous Lemma allow us to transform our OCP to a fixed planing horizon
which is equivalent. To proceed let C(t,z) be the set of all admissible strategies

such that
v=(5(),0(),q(),0()) €C(t,x).

Then let

V(t,z) = sup J(t,x;v).
veC(t,x)

Remark 3.2. We can write the conditional density function as

gf (k)t) = fts é('U)dvgf (k, 8) 7
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and similarly the conditional probability
Gt (k,t) =e” Jo €)dv ot (k,s).

for0<t<s<T.

Lemma 3.3. [20] Assume that all Assumptions 3.1-3.7 hold. Then for 0 <t <

s < T,V (t,x) verifies the recursive relation

V(t,x) = sup E
)

veC(t,x

exp( - /tsf(k:) dk‘)V (s, X/4 (3))

[ <G+ (k. t) L (5 ()9 (1) (Y (k5 (0)+Y (5, T2, () ))dk |7

Proof. See [20]. O

3.3 Hamiltonian theorem

Let us define new function which is called the Hamiltonian function given by

1

H(t,z,0) = (m(t) — k()= _ilt) =D alt)

=1

=

2

+ (T (t)+0(u(t)—r(t) )x) Ve (t,x) + %(H(t)a () )2\/m (t,x) (3.12)

swiersso (10 L) (1 555))

The proof of the next result follows closely to the technique introduced by Ye [36]
and Yong and Zhou [39] by adding the corresponding updates that fit with our

model.

Theorem 3.4. (Hamilton-Jacobi-Bellman Equation)
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Suppose that V is of class C*2 ([0,T] x R). Hence V verifies the HJB equation

Vilt,z) = &)V (t,z) + sup H(t,z,k,0,q,0) =0 (3.13)

(k,0,4,0) ERX (R)I xRE xR

V(T,z) = R(x),

where the Hamiltonian function H as in (3.12). Also,
vt = (k" () ¢ () 7q*(')7 0" ()) eC (t,:L‘) )
which related wealth is X* is optimal < for a.e. s € [t,T] we get

Vi(s, X" (s)) = &(s)V (s, X" (5)) +H(s,X"(s),v") =0. (3.14)

Proof. To prove this theorem we use the definition of Ito’s formula, by setting

s =1+ h in the DPP.
t+h
V(e b X ) = Vi) + [ {w<s,x<s>>
¢

+ V(s X(s)) {T(S)X(S) —r(s) =D dils) = D als)

+ m(s) + 6(s)(u(s) — ()X <s>} (319)
b3 Vials, X ()8 (5)0%(5)X 2(5>}d5
+ / Va(s. X (5))0(s)(5) X (5)dW (s).

We know that the Taylor expansion of e* is given by

r?
e :1+x+§+§+...

Hence,

FLT W) — g e(t)h 1 O (h2),
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where h is small positive, and O (h?) is an error of order two. From above equation

and by dynamic programming principle we obtain:

0 = sup E (
(k,9,9,0)€C(t,z)

+ /t (G+ (u,t) L (u, k(u))

1—&(h) + OR)V(t+ h, X(t+ h)) = V(t,z)

+ g (u,t) <Y(u,T(u))+Y(u,T(u)))>du | E]

Divide above equation by h, let h — 0 and from PDD Lemma 3.3 we get

1

0 = sup |:Vt(t>$) =SVt ) + (m (1) = (t) = Z@(t)

(H?¢7q70) ec(t’z)

= a0+ (rO+ 000 - (1) )) Ve (1,2) + 50 (00 Vi(t,2)

=1

+ L(t, k() + @) (Y, Y1) + YL, T(t)))] .

Substitute Y (¢) and Y (t) in above equation. Note that V; (¢, x)—&(#)V (¢, ) doesn’t

rely on (k, ¢, 0, q) then we get the result.

2nd

To prove the part of the theorem which is equation (3.14) we also applying

Ito’s formula on e(_ftsg(”)d”)V(s, X(s)) we get the following

T .
Vita) = o mwx) - [efom v xw)
t
L

+ Va(u, X () [r(w) X (u) — r(u) — Z ¢i(u) =Y alu) +m(z)
— ()X (u) + 0(u) (u(w) ] () V (u, X (u))
1

+ §Vm(u, X (u)0*(w)o* (u) X2 (u) }du

_ /t o JEORY (4 X (1))0(w)or (w) X ()W (u).
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Taking expectation to the both side

1

+ Vi, X () [r(w) X (u) = (u) =Y ulu) = qlu) +m(z)

i=1 =1
= r(u)X () + 0(u) (p(w) |§(w)V (u, X (u))

1 2/, \ 2 2
+ §VM(U,X(U))9 (u)o*(u) X (u)}du

- / e S @Y (4 X (1)) 0(w)or (w) X (w)dW (u).

t

By linearity of expectation we obtain:

V(t,z)=E [e— ftTf(”)d”W(X(T))] ) { / g ft“ﬂv)dv{v;(u,X(u))

U

—&()V (u, X (w)) + Vi (u, X (u)) [m(u) — w(u) — ZZI Gu(u)
+ lzf;Q(u) + ()X (u) + 0(uw)(p(u) — r(w))]
+ %vmm, X(u))02(u)02(u)X2(u)du] |
Rearrange terms we get
V(t,x) = = J(t, 2,k ,q,0) - E { / Teft““”)d“{vt(u, X (u))

— £(u)V (u, X (u)) +H(UaX(U)a'f,¢,q,9)}du}

From above equation we have

T
Vt,z) = J(t,x,m*,¢*,q*,9*)—E[/ efzu5(”)d”{‘/2(u,X*(u))
t

— L)V (u, X*(u)) + H(u, X*(u), k", 9%, ¢, 9*)}du} :
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From

V(t,x) — J(t,z, k", ¢, q*,0%) > 0.

We prove that first direction as follow

o MT - ft%(v)dv{vt(u, X*(u))

— &(u)V(u, X*(u)) +7—[(u,X*(u),m*,cb*,q*,@*)}du} > 0.

Hence,

Vi(s, X" (s)) = &(s)V (s, X" (5)) +H (s, X" (s),v") <0. (3.16)

Now we want to prove the other direction.

T
J(t 2,5, 6,,0) — E [ / . ﬂ“f<v>dv{v;<u, X ()
t

—&(u)V(u, X(u)) + H(u, X (u), k, ¢, q, 8)}du]

Rearrange terms we get

T
Z J(t,m,/i, ¢,q,0) —E |:/ eftu&(v)dv{%(u,X(u))
t

=WV (u, X(u) + (6,00t H(u, X(u), K, ¢, q,0) }dU]
=J(t,x, K, 0,q,0).

Yielding

T
Vit,z) > J(t,x,%*,é*,q*,Q*)—IE[/ e—ft“f(wdv{‘/;(u,X*(U))
t

— L)V (u, X" (u)) + H(u, X*(u), k™, ¢*, ¢", 9*)}du}

Hence

Vi(s, X*(8)) —€(s)V (s, X" (s))+H (s, X" (s),v") >0. (3.17)
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(3.16) and (3.17) implies the result. O

3.4 Optimal strategies in terms of the value function

In this subsection we want to find the optimal strategies such as the optimal
insurance premium, optimal portfolio, optimal consumption, and optimal welfare
policy in terms of the value function V (¢, x) for the economic agent.

Let L,(t,-) and Y, (t,-) be the derivatives of the utility functions L(¢,-) and Y(¢, )
respectively. So the derivatives are invertible.

Let us define new unique functions Z;, Z, as
Zy(t, Ly(t,x)) =x and L.(t,Z(t,x)) = z,

Zo(t, Yo (t,2)) =z and Yy(t, Zo(t, ) = z,

where

Z,(t,x) 1 [0,T] % [0,00) — [0, 00),

and

Zy(t,x) : [0,T] x [0,00) — [0, 00),

Vt € [0,T] and = € Ry .
Next theorem give us the formula of the optimal strategies that we are looking for.
The proof of the next result follows closely to the technique introduced by Mousa

et al. [25] by adding the corresponding updates that fit with our model.

Theorem 3.5. Let Assumptions 3.1-3.7 satisfied and V € CY*([0,T] x R, R).
Implies that H has a unique maximum v* = (K*(-), *(+), ¢*(+),0°(-)) € C(t,x). In
addition, the optimal strategies that we are looking for are

K*(t,z) = Z1(t, Vo (t, x)),

" _ PoVal(tx)
0*(t,2) = S
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) maX{O, {@(t,%)-ﬂw)}, if i =i (t)
7.17 =

0 Otherwise,
where
i* (t) = argmin {¢; (¢)}, (3.18)
ie{1,2...,T}
* maX{O, {22 <t, %) hi (1) } if l=1"(t)
¢ (t,z) =
0 Otherwise,
where
I* (t) = argmin {h; (t)}. (3.19)
le{1,2...,.L}

Proof. We want to find (k*(-), ¢*(-), ¢"(+), 0*()) € C(t, x) where H attains its max-

imum. We can separate H for 4 independent conditions as follows:

sup H(t,z, kK, ,q,0) = sup{L (t,k) — KV, (t, :U)}

(%,0,4,0)ERX (R )L xRE x[0,1] keR
I
+  sup {S(t)Y<t,x : )) _ v;ﬁ(t,x)qui(t)} (3.20)
$e(Ry)! i=1

+ sup {g Yt &) =) at)Ve (t,x)} +m (t) V, (t,2) +r(t)2V, (¢, )

_I_
(-
O S
==
SN~—

qERL

0€[0,1]

h
+ sup {%(mwa(t)) Vi (£,2) + 0(8) (. (£) = 7 (1)) 2V, (t,@}.

Now we study each variable separately. Let us start by differentiate equation

(3.20) with respect to (w.r.t) x we obtain :
L, (t,r*) =V, (t,z) =0.

Or
L. (t,k*) =V, (t,z)
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From the definition of Z; and its uniqueness we get:
Zy(t, Le(t, k")) = Zy(t, Vi(t, x)).

Thus
K" (t,x) = Zy(t, Vi (t, x)).

Similarly,if we differentiate equation (3.20) w.r.t 6 gives us

22V, (t, )0 0 + (u(t) — r(t))zV, (t,z) = 0.

Now by solving above equation for the control variable 6* we get

(1) = ) = (Vi)
A Or O

For simplify set 8y = u(t) — r(t). Hence

. 50‘/1:({;7 ZE)
2V (t, )02(t)’

0*(t,x) =

(3.21)

(3.22)

To find the optimal values of ¢ and q we solve the constrained optimization problem

related to the control variable ¢ € (RJ)! and ¢ € R, respectively, by using the

Kuhn-Tucker conditions.

To solve the constrained optimization problem to find ¢*. In Particular, we use

the Kuhn-Tucker conditions to search for a solution

(QI (t,]}),-..,QL (t,l’)7§1 <t7x)a"'7§L (t,Jf)),
subject to next qualities and inequalities

a(t) -
hl (t)) - V;: (t7x) - _fla

£ (t) -
h <>Y<Z
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subject to:

qi Z 07
& = 0, I=1,2,...,L
s = 0.

We have two cases:

Consider the case when Iy = l,. If &, (t,2) = &, (¢, z) for some (¢,z) € [0,T] x R,
we deduce that hy, (t,x) = hy, (¢, ) and this contradicts our assumption that hy(t)
and hy(t) are different for any | #k € 1,2,..., L.

Hence, we conclude that [; # I for any {4,103 € {1,2,..., L} and every = € R.

We get that Vo € R and Lebesgue almost every t € [0,7], 3 at most one [ €
{1,2,..., L} such that & (t,z) = 0. Hence, for Lebesgue a.e. t € [0,7], 3 at most
onel € {1,2,...,L} such that ¢ (¢t,z) # 0.

Observe that

Ly (t, Y, (t; ZXI: Ziig)) = 9 (t, (Vx (t,x) — éh) hg(i;))

= Zy (t, (Vx (t,x) — glz) h;(g)

So we can get that

hl1 (t) (V;C (tv x) - gll) - hlz (t) (‘/ﬂc (t’ :L‘) - &2)'

It’s clear that if &, (t,z) > &, (t,x) for (t,z) € [0,T] x R, then hy, (t) > hy,(t). In
addition, if we have &, (¢t,z) = 0 for some ¢ € [0,T7], then hy, (t) < hy,(t) for every
lo €{1,2,...,L}.

Hence Let I* (t) be given as

[* (t) = argmin
le{1,2...,.L}
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Either ¢ (t,z) =0,V 1l € {1,2,..., L} or else gy (t,) > 0 is a solution to

a ) e @Vilt,2)
Yz(“@(t))‘ O

By the definition of Z, and its uniqueness we get that

O he (D), (¢, 2)
& (“YIG’ @(t))) = (t’ a0 )

Follows that

hy(t) (1)
Consequently
£t ) = 7, <t, A () gv(ft)(t’ x>>h (t)
Getting

* maX{O, [Zz <t, %)h (t) } if 1 =1"(t)
q (t,l‘) =

0 Otherwise.

Finally do for ¢*, differentiate equation (3.20) w.r.t ¢

€0y [, 52 0) .
ci<t>YX<t’ t2 g(t)) Vet

Using same method previously, we search for

(¢1(tvx)7"'a¢i(t7x)7/31(t7x>7"'76](ta‘r))a

veifiying
20

) - %(t,$) = —B’i,
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Subject to

¢i Z 07
571 Z 07 L= 17 27 ) I
o = 0.

We have to cases:

e Consider the case when i; = i5. Then S, (t,z) = B, (t,z) for some (t,z) €
[0,7] x R, we deduce that ¢, (t,x) = (, (t,x). This contradicts the fact that all

insurance companies suggest different agreements.

e Therefore, we just has the case where for any iy,iy € {1,2,...,1} we have iy # s

and every x € R, §;, (t,x) # B, (t,x) for Lebesgue almost every t € [0, T.

Get that at most one i € {1,2,..., I} such that §; (t,z) = 0. So for Lebesgue a.e.
t €[0,7], 3 at most one i € {1,2,...,1} such that ¢; (¢t,z) # 0.

By using the uniqueness function Z, we get

Cil (t) (Vz (t, .%‘) - 611) = giz (t) (‘/;7 (t, CL’) - 512)
Clearly, from above equation if fiy (t,z) > B, (t,z) for (t,z) € [0,T] x R, then
Gy () > G, (). In addition , if 5, (t,2) = 0 for some t € [0,7], then we observe
that ¢, (t) < ¢, (t) for every iy € {1,2,...,1}.
Hence, Let us define i* (t) by

i* (t) = argmin {¢; (¢)}.

ie{1,2....1}

Either ¢; (t,2) =0,V i€ {1,2,...,1} or ¢ (t,z) > 0 is a solution to

v (m Lo <t>> _ GOValt,2) (3.24)

Gir (1) §(t)
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Follows

¢n* (t) _ Cn* (t)vx(ta $)
T+ ol Zy (t, —) )

Yielding

) maX{O, {%(t,%)-%g(t)}, if i = (¢)
y ) =

0 Otherwise.

Now we compute the 27¢ derivative w.r.t each variable
Hyw (L, 2,0%) = Ly (£, %),

it is negative from 3.7

o E1 A0
Honon (0:0:0) = 30,0 7 (t’ e >

Note that Cu, (£)Cny () > 0, () > 0, and Y is strictly concave so He, 4, (t,,0")
is negative.

Similarly,

¢(1) g-(t)
t,x,v) = Yz |t
Hqu‘ﬂz ( y L, U ) hl1 (t)th ZZ ’hl*(t) < 07
Finally,
Hoo (t,2,0%) = Vo (¢, 1) 0222

Notice V., (t,2) < 0. Because of If V,, (t,z) > 0, then H wouldn’t be bounded.
Hence, by the HJB equation, V; (t,z) or V (¢,x) would have to be infinity. This
contradicting the smoothness assumption we put on V. Hence we guarantee that

Hop is negative. Hence H has a unique regular interior maximum. O]
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3.5 The family of discounted constant relative risk aver-

sion utilities

Here we characterize the optimal strategies in the case of discounted CRRA

utilities function. Thus, we assume the utility functions for the economic agent as

gl
L(t,k) = e_pti,
(t.%) -
T
Y(t,T) = e?—, (3.25)
Y
_ T
Y(t,T) = e”—,
~
X7
R(X) = e —.
Y

where 7 is the risk aversion parameter and v < 1, v # 0. p is positive denoted the
discount rate, where T and T as in (3.3) and (3.4).

In the next section we state the optimal strategies for the family of CRRA utilities.

3.6 Explicit solution

In this section we will introduce the optimal strategies in terms of the parameters
by solving explicitly the partial differential equation. Next proposition is the key
result of this Chapter.

The proof of the next result follows closely to the technique introduced by Mousa

et al. [25] by adding the corresponding updates that fit with our model.
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Proposition 3.1. Suppose that Assumptions 3.1-3.7 hold.

strategies using (3.25) are

Then the optimal

Rt x) = %(erA( ),
. Bz + At))
0*(t,z) = e =702
s(ta) = {;nax{O,Ci(t)()(‘I’(t)(x+A(t))—x>} thhi:?*(t)
) {max{oahm(t)(E(w<x+A<t>>)} i)
- 0 , otherwise
where
At) = /tTm(s)e JE (r@) 4Gy (0))dv g
_ 1 [ T
) = G(t) (Q*(t)(t) ’
_ L (Em T
20 = o ()
G(t) = e Ty /t A(f)e—Ji T@vg g
) = 5(1t)_+7p : (r(t)—l—g*(t)(t))—i—(l _VWF,
_ Co®\TT RL(E)\ 7T
Alt) = 1+< 0 <§(t)) |
e = =0
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Proof. Assume the utility function as given in (3.25) From Theorem 3.4 we have

the following condition

L.(t,k) = Vi(t,z) =0, (3.26)

22V, (t, 2)00% 4 (u(t) — r(t)xVy(t,z) =0,
SORY (t qﬂ‘*(t)) —V,(t,x) =0, (3.27)

ni(t) "\ hi(t)
&(t) ( pi*(t))
—=Y, | 1, — Va(t, =0.
cw " e )

Differentiate L with respect to k
L(t k) = e P (k*(t,2)) .
Then substitute above equation in (3.26) we get
Vo(t, o) = e P (k*(t,z))" "
Rearrange the above equation for xk we have
K (t,z) = (epth(t, x)) ﬁ (3.28)

Note that in the second condition 6* is like as in Theorem 3.5

_ BoVal(t,x)
2V (t, x)o2(t)

0 (t, z) — (3.29)

We have now to find the values of ¢ and ¢. Differentiate Y with respect to x and
the substitute it in (3.27) we obtain

ot 0 T G (O)Valt, )
=+ 26)

where

Y, (t,T) = e YL,
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Hence

maX{O, ((%) L :c> Q(t)}, if i =i (t)
i (t,x) = (3.30)

0 Otherwise.

Similarly for ¢, Using the final condition we get

(20 ) _ b))

Consequently
. (=
* maX{O, ( <—’”‘”2(§z (““)) ' ) fug, (1) } if = 1% (1)
g (t,x) = (3.31)

0 Otherwise.

Now we are going to substitute (3.28), (3.29), (3.30) and (3.31) in the HJB

equation (3.13) to find its solution.

supH (t, 2, k, 6,q,0) = sup{w, k) — KV, <t,x>} +m )V, (t,)

vel kER

+r(t)xV, (t,x) + sup 1{5 )Y (t, T+ Z (bl((tt))) — V. (t,x) Z ¢i(t)}

PE(RY)

+ :55{5 )Y (t, %) —q(t)V, (¢, x)}

+ sup {x— (9(t)0 (t)> Voo (1, 2) +6(8) (0 (t) =7 (1)) 2V (t,af)}-

0€[0,1] 2
Yielding
=X
e P! (epth(t, x)) .
supH (t,z, Kk, ¢,q,0) = — (epth(t,x)) Vi (t, x)
vel Y
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BO‘/JI(L ZL’)

o ()Vaal(t, ) — Voo (1, 2)02(1)

Bo(t)xV,(t, x)

v

R <(< (£)e Vit w)) e x) G (1)

§(t)
)

Rearrange the above terms we get

—B3(t) Vit x)
202(t) Viu(t, x)

sup H(t, z,v) = V,(t, ) (m(t) + x((i*(t) + r(t))) -

velC

For simplicity let

TR RCOR DN
(5(7&))7_1
' = gﬁ((f))‘

Equation (3.32) can be rewritten as

0

Vit ) - €0V () + o5 (120 (Vatta) ) A

Ve(t, x)

+ Vi(t,x) <m(t) + 2 (G () + T(t))) + F<t>‘/;$(t, 2 =0, (3.33)

with the terminal condition
V(T,z) = R(x). (3.34)
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In order to solve equation (3.33) we do the following steps

e Consider the ansatz function as

~

alt) (A(t) + x) ,

V(t,z) = T

e Find the derivatives of V;, V,, and V,

(a0 +2) D 1) 0

( (1) —|—x)
Varlti) = (v 1ot (40 + <)

-2

e Substitute above partial derivative in equation (3.33) to solve it, we get

o) (a0+2) AL (4 0) O

g

bt <1_TV) (a(t) (A(t) +I>H> W%L(t)

+ af(t) (A(t) + x) " (m(t) + 2 (G (t) + r(t)))

2

(a(t) (A(t) + x) H) ”
(7~ 1)alt (A(t) + x) w

+ T
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—
e Multiply previous equation <:z: - A(t)) we obtain

20 801
+ e (1_77) (a(t))llL(t)
+ #Z)(t) (i(t) + 2 (G (1) + r(t))>
+ F(zf)j(_t)1 =0

e Add T(t)at)tlA and & i(t)( Jr)f(t) to both sides we get

1 da(t) a(t) a(t) dA(t)  m(t)a(t)
v dt — &) v YA+ @ Al ta

+W(t)a(t) L raAR) | 2 (ult)
s+ Al | a1 Al z+ A

P EOA0 4o (122 (utn) T a0 2

_ riha()AQ) |, G- OubAQ
v+ A(t) Tt A®)

e To solve previous equation we separated it in two independent boundary value

problem one for a(t) and other for A(t)

1 da(t) a(t) a(t) et (1—1 =
T —g(t)7+r(t)7_1+e v ( )a(t) TA(t)

+ G+ (t)a(t) + r(t)a(t) = 0. (3.36)

Rearrange above equation we obtain

(6044 7% = S Yot o7 (122) (0 Fr0) + 229 ~o
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And for A(t)

(1)  dAQ®)  m)a(t) r()a@AR) G- @ult)A)

A+ X dt x4 Al a+ A PRTO B
Multiply above equation we get
PO 4 a0~ r) - o) +mle) = 0
A(T) = o. (3.38)

Let us start solving equation (3.38). Rewrite previous equation as:

%}Et) + A(t)( —r(t) — G (ﬂ) = —m(t)

The above equation is 1¥ ODE which can be solve by integrating factor and the

solution is in the form:

1 T
Alt) = —= / w(t)(—(m(s d3+0)7
®) W)(t ()(=(m(s))
where
M(t) =c ftS[T(”)‘*‘C(U)]du'
Hence,
t
T
Hence,

t
A(t) = i r G ()ldu (/ ey o) =G (ldu (1 (5))ds + C’) .

T

Using boundary condition we get:

T
A = [ msye s,
t
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e To solve equation (3.36) we assume that the solution is on the form:

a(t) = e "(G(t)'7,

a(T) = e T, (3.39)

Differentiate a(t) with respect to time t, we get

da(t)
Sdt

dG(t)
dt

= (1) (@)
Substitute the derivative of a(t) in equation (3.36) we obtain:

| - -7dG(t)
O—;(e u—ymG@) ==

- pept<G(t)>1_v> + (Ck*(t) +r(t) + e it))ept (G(t))l_w

v-1 oy
# o (122) (e (o) ) T,

Multiply the previous equation by ﬁ, we get;

e G() TG + (G (e )

+e P'G(t)7A(t) = 0.

Divide the above equation by e ”* we obtain:
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Divide by G(t)~7), we get:

%}Et) n G@)% 4 A(t)ﬁ (gk* (t) +r(t) + jﬂ _ ﬂ) e G(t) = 0.

Rearrange above equation:

dG(t) (& +p 1 () —r(H)\* ~
dt *( T— ‘§”<<1—v>a<t>) )

For simplify let:

e & S0 e 1 (u(t)—r(t)>2_ Y

11—+ 2"\ a =900 7(7“(75) + G- (1)), (3.41)

Equation (3.40) can be rewritten as:

dG(t) -
=2 —OMGEH + AW = 0,

G(T) = 1.
Above equation is linear 1 ODE and its solution given by:

t
G(t) = ofr M(w)du (/ —A(s)ef; —Hw)duqg 4 c) )

T

From G(T') = 1 we have:
T T T .
G(t) — o Ji M(w)du +/ A(st)efs ~Tl(u)du g [z M(w)du g
¢

Thus
T
G(t) = o T / Afs)e J gy (3.42)
t

Finally :
T T s =
a(t)ze_pt<e_ft ey | A(t)(s)e—ﬁ“@d“ds) NG
t
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Substitute the value of V, from (3.35)in (3.28) we obtain:

Substitute the value of V, and V,, from (3.35) in (3.29) we obtain:

it z) = LOAO) 1o

(I =7)o(t)

For ¢, assume the case when i = ¢*. After that substitute the value of V, we get:

So we have:

0 , otherwise .

) - { max {0, o () (W(0) (2 + A@®) —2) b i i =2 (1)

Similarly, we can find q by assuming the case where j = j* and substitute the

value of V, we get:




Thus

max{O,hj(t)(t) (E(t) (x—i—A(t)))} Jf =% ()

0 , otherwise .

q(t,r) =

Hence, we conclude the proof.
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Chapter

Generalized form: optimal strategies

within a soctal market of L welfare
providers and financial market of N

risky assets

4.1 General framework

Now, we are looking for the explicit solution in the case where the economic
agent has access to L welfare providers and investing her saving in a financial
market consists of N risky assets instead of only one security asset. To proceed we

start by generalizing the industrial market models.
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4.1.1 Generalized industrial market models

In this section , we introduce the financial market comprised of N risky assets.

Also we state the corresponding wealth process.

4.1.1.1 Financial market with N risky assets

Following the introduction represented in Chapter 3, Let (2, F,P) be a complete
probability space supplied with a filtration F = (F;):cpo,r] generated by M- dimen-
sional BM W (-),a0(W(s),s <t) for t > 0.

Consider the FM comprised of a risk-free asset and N risky securities, evolves

according to the DE:

dSo(t) = r(t)So(t)dt, (4.1)
C;i ’(‘1(:)) = jn(£)dt + mzl oo () AW (1), (4.2)

where Sy(0) = s¢ is a positive constant, r(t) is positive interest rate,

Wi(t)
Wy(t)

W (t)
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is M — dimensional BM,

~—

pa (t

~—

pa(t

N (t)

is the vector of the risky-assets appreciation rates, and

o(t) = Opm(t)1<n<ni<m<m

is the N x M matrix of risky-assets volatilises where n and m are natural numbers.

Assumption 4.1. [25] Assume that Assumption 3.1 hold. Besides to that

The matriz (o(t))To(t) is non-singular matriz for Lebesque almost all t € [0,T]

verifies

iZN:/OTaim(t)dt<oo.

m=1 n=1

3(Fi)o<t<r-progressively measurable w(t) € RM™ named the market price of risk,where

the risk premium

pa(t) —r(t)
p2(t) — 7(t)

B(t) = 3:08 (4.5)
pn (t) —r(t)

is attached to m(t) by

Moreover, we assume



and the following exponential martingale condition holds

Efo—fo m@aW©=3 J a0t — 1

We assume that all assumptions and concepts in this Chapter are the same as in

Chapter 3.

4.1.2 Generalized wealth process

In this subsection, we state the wealth process for the economic agent who start
with initial value xo and take an income m(t), where t € [0, min{7, T'}] .
Assume that Assumptions 3.5, 3.6 holds. Now, we can define the wealth process

for the economic agent for 0 <t < min{7,T} as

2t 0,()X (s)
+n§:% /0 ) S, (s)

" 0o(s)X (s) a f0n<=5x<s>
- /0 ) dso(s)+; /O 55 dS,(s).

Substitute (4.1) and(4.2) in above equation we get

X(t) =z + /O <m(s) — k(s) — Z $i(s) =Y ql(s)> ds
+ /Ot —HO(S)X(S>T(S)SQ(S)C1$

S[)(S)
’ ; /0 engé>(s> Sin(s) (“”(S)ds + mZ:l T (1) AW o ( )) .



Rearrange above equation we have

X(t) =z + /0 (m(s) — k(s) — Z ¢i(s) =Y ql(s)> ds
—I—/O Oo(s) X (s)r(s)ds
+) /0 0,(5) X (s) (un(s)ds +y anm(t)dWm(s)) .

Differentiate above equation relative to t we obtain

+> Gn(t),un(t)) X(t)) dt (4.6)

+ D 0.MX (1) o (t) AW ().

4.2 Generalized stochastic optimal control problem

In this section, we will illustrate the optimal control problem (OCP) for the
economic agent whose aim is to get the optimal strategies which gives her best
advantage.

Denote C (0,x) the set of all admissible decision strategies (k (), ¢ (+),q(-),0()),
L (t,-) represent the utility function for the economic agent’s family consumption
level at time t € [0,T], R(-) represent the utility function for the terminal wealth
at pension time T, and the utility function for the size of the economic agent’s
legacy at time t € [0,T] is denoted by Y (t,-). Recall that that total legacy as said

in previous subsection. The expected utility defined by:

Fo: /0 ' L (k,c(k))dk + (Y (7, T (1)) +Y(r, T (7’)) Tiom (7)
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+R (X (T)) I(1,00) (T)

As Chapter 3, we resort to the DPP in order to transform our complicated problem
to an easier problem whose solution is a recursive relation.

We can generalization previous expected utility in the last section as

J(t0) = Br / Lk () dk 4 (Y (1, (1) + Y (7. T (0)) o (7)

+ R (X:x (T)) I(T,oo) (T) ’7’ > t,f}/ , (47)

where X7, (S) is the solution of the stochastic differential equation(SDE) (4.6),

and C(t,x) is the set of admissible decision strategies starting at time t.

4.3 Dynamic programming principle

In this section we will state the DPP Lemma and derive the corresponding HJB
equation which help us to get the solution and the value function. Define

Vit = sup J(hav),
veC(t,z)

where

v=((),0()q(-),0()) €C(t,x).

Using Lemma 3.1 and DPP 3.3 we use the same technique as in previous section to
drive the corresponding HJB equation, a 2" order nonlinear PDE whose solution
1s the desired objective function, for the general case. The proof of the following

general theorem follows similarly as the proof of Theorem 3.4.
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Theorem 4.1. (Shrateh-Mousa Th1). Suppose that V is of class C*2([0,T] x
R,R). Hence V werifies the HJB equation

‘/t(tv :B) - f(t)V(t, x) + (K,H,d),q)ERX]RNX(Rar)IXRL H(t7 Z; K, 97 gb’ C_I) =0

=SS (Z 0nanm(t)) Vi (t, 7)
Lt k) + 5<t>Y(t, 2 ¢§f)) ) * Y(“ 2 13((?))

In addition,

vt = (" (),9"(),q"(),0" () € C(t,2),

is optimal if and only if for a.e. s € [t,T] we have

Vi (s, X7(s)) = €(s)V (5, X7(s)) + H (s, X*(s);0") = 0.

4.4 Generalized optimal strategies in terms of the value

function

In this subsection we want to find the optimal strategies such as the optimal
msurance premium, optimal portfolio, optimal consumption, and optimal welfare
policy for the economic agent.

Recall that we denote the utility function describing the economic agent’s consump-
tion by L(t,-), and the utility function describing the size of the economic agent’s

legacy by Y (t,-) for all0 <t < T. Also, assume Assumption 3.7 hold. Let L,(t,-)
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and Y,(t,-) symbolised the derivatives of L(t,-) and Y (t,-) respectively. So the
derivatives are invertible.

Let us define a unique function Zy, Zy as we define it in Chapter 3.

Zy (t,Ly(t,x)) =2 and L,(t, Z\(t,z)) = x, (4.8)
Zo(t, Y. (t,x)) =2 and Y.(t,Zs(t,x)) =z, (4.9)
where
Zy(t,x) : [0,T] x [0,00) = [0, 00),
and

Z,(t,x) 1 [0,T] % [0,00) — [0, 00),

vt €10,T] and x € Ry .

Next theorem give us the formula of the optimal strategies of the objective function
and its derivatives. The proof of the next result follows closely to the technique
introduced by Mousa et al. [25] by adding the corresponding updates that fit with

our model.

Theorem 4.2. (Shrateh-Mousa Th2). Let V is of class C**([0,T] x R,R). As a

result the Hamiltonian function H given in the statement of Theorem 4.1 has a

unique maxrimum

vt = (570, 07°(),¢7() € C(t, ).

In addition, the optimal strategies are
K*(t,x) = Z1 (t, V(t,x)),
0% (t, x) = ——=l2)_c5(p),

T 2View(t,T)

and, for each i € {1,2,...,1}, we have that
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max {0, [Z2 (t, G(t)(§(1) " Va(t, @) — 2] Gi(t), b, if i =d"(t)

0 otherwise.

¢ (t, ) =

where

i*(t) = argmin {G(f)}

i€{1,2,....I}

and, for each l € {1,2,..., L}, we have that

maX{O, {ZQ <t, %) hi (t) } if 1= 1" ()
q*<t’ I) =

0 otherwise.

where

I* (t) = argmin {h; (t)}.

le{1,2...,.L}

where € is the non-singular square matriz (ach)f1 and B(t) same as (4.5).

Proof. Note that x*(-), ¢*(-), and ¢*(-) are same as Theorem 3.5. So the different
is when we looking for 6*(-).

Let us separate H as follow

sup H(t,x;v)
(k,0,6,0) ERN xRN x (RF ) xRE

=sup{L(t,x) — cVp(t,z)} +r(t)zV,(t, x)

kER

+ sup) { (t x—l—Z qzlt) tac)Zgbi}

¢e(RY !

2 M (N 2 (4.10)
+m(t)V,(t, ) + sup 5 Z (Z Hnanm(t))

OeRN n=1

X Vi (L, ) +26’ pn(t) — r(t)) xV,(t, x)}

+ 555{5 (t) Y(t ZZI Zﬁ é)) - lzlqz(t)vm (t,w)}

We start with finding the optimal strategy for insurance premium payments and

social welfare premium payments since its similarly to Chapter 3. we use the
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Kuhn-Tucker conditions to search for a solution

(QI (t,x),...,qL<t,$),)\1 (t’x)a'”a)‘L(tvx)))a

(o1 (t, ),y (b)) g (), g (B, )

To the following qualities and inequalities

=1
subject to:
q 2 07
)\l 2 07 [ = 17 27 7L
aN = 0
And ,
A(t) ¢i(t)
Y t, + - ‘/x t7 €r) = — I3
G Z( 2oom) Vo= w
Subject to

Cbi Z 07
M > 07 L= 17 27 ) I
oipi = 0.

Do similarly as Chapter 3, we get the result in proposition.
Now, we want to find the optimal strategies for the consumption ¢*(¢) Computing

the first-order conditions with respect to x we obtain the following:

L, (t,x") =V, (t,z) =0.

Ly (ta H*) =V (t7 .I‘)
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From the definition of Z; and its uniqueness we get:

ki(t, Le(t, k%)) = Z1(t, Vi (t, x)).
Thus

K" (t,x) = Zy(t, Vi(t, x)).
To find 6* Computing the first-order conditions with respect to 6 we get:
2V, (t, )3 + 22V, (t, 7)o0” 0 = O

OR

2V (t, )3 = —2*Vyu(t, v)o0 ' 0*

where 3 denotes the risk premium given in origin of R¥.

Rearrange above equation we have

Va(t, )

0% (t,x) = ——=\ )
(t, ) 2V (t, )

eb(t)
Now we compute the 27¢ derivative w.r.t each variable
Hm{ (t, x, U*) = Lnn (t, ’%*) ’

it is negative from 3.7

N EB A0
oo, (b0, 07) = iy e iy Y2 (t’ e >

Note that (;, (¢)Ci,(t) > 0, §(t) > 0, and Y is strictly concave so Hg, ¢, (t,2,0")
is negative.

Similarly,

* t q** t
qulqlg (t,l',’U ) — hl€<i)>}” YZZ (t, l ( )) < O’

Finally,
Hoo (L, 2,0%) = Vo (t, 1) c0T 22
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Notice V., (t,z) < 0. Because of If V,, (t,z) > 0, then H wouldn’t be bounded.
Hence, by the HIB equation, V; (t,z) or V (¢,x) would have to be infinity. This
contradicting the smoothness assumption we put on V. Hence we guarantee that

Hog is negative. Hence H has a unique regular interior maximum. O

4.5 Explicit solution for the generalized optimal strategies

In this section, we represent the optimal strategies in the case of discounted
CRRA utilities function (3.25).
In the next proposition we state the optimal strategies for the family of CRRA
utilities. The proof of the next result follows closely to the technique introduced by

Mousa et al. [25] by adding the corresponding updates that fit with our model.

Proposition 4.1. (Shrateh-Mousa Th3). Let € is the non-singular square matrix

(UO'T)il The optimal strategies in the case of discounted CRRA wutilities function

Kt @) = ﬁ(w +A(t)),
0 (t,x) = - i ,Yx +:;4(t>56(t),
Ot x) = max {O, Cz'(t)(ﬂ((‘lf(t) — D+ U(t)A(t) )} if i=i (1)
- ’ , otherwise ,
- ! , otherwise. |
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where

A<t) - /tTm( ) ( ft( e U)(U))dv)d S,

1 £(t) 1/(1=7)
\P(t) a @ (Cz’*(t)) 7

T
G(t) — o~ Ji T(w)du +/ A(s)e‘ftsn(u)d“ds,
t

II(t) = f(lt)_n;p T j ” (r(t) + G (1)) — (1 _77)2

_ S () ™ RGNS
A(t)—1+< D) ) +(§(t)>

(1) = 57 (0E8() — 5 o e8],

Ew:é%(é%ﬁﬁa

Proof. Assume that the utility function are given as (3.25). From Theorem 4.1 we

have the following condition

Li(t, k) = Va(t,x) = 0,
—r()zVa(t,z) = 0,

(1
( J) lha) =0
.

&(t) Dix (1) _
cmy<t G o) Valtho) = 0

Va2, x)@aa +

Differentiate L with respect to x
Lo(t k) = e P (k*(t,2)) .
Then substitute above equation in (4.11) we get
Vi(t,x) = e " (k*(t,x))" .

Rearrange the above equation for xk we have

=
K*(t,x) —(eptvx(t,x)) :
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(4.12)

(4.13)

(4.14)

(4.15)



From equation (4.12)
Va(t, )

0% (t,z) = ——=\ )
(t, ) 2V (t, 1)

ep(t). (4.16)

To find the values of ¢ and ¢. Differentiate Y with respect to x and the substitute

it in (4.13) we obtain

- <x . @*(t))v—l _ e (O)Va(t )

Gir (t) &ty 7
where
Y. (t,Y) = e Pty
Hence
pt (1%1'”
maX{O, ((—@%(gﬂt@) - x> G(t) } if i = i* ()
o; (t,x) = (4.17)

0 otherwise.

Now do the similar for ¢

hys(t) Vi(t, x)
Consequently
=
h;i(t)ePtVy(t,x - ep - e
) max{(), ((%) )hjm(t)}, if j = j*(¢)
qi(t,z) = (4.18)

0 otherwise.

Substitute all above equations(4.15, 4.16, 4.17), and (4.18) in the HJB equation
we get

~

e Pt <ept‘/z(t’ a:)) o
Sup H (t7 x? K’ ¢7 Q7 0) =

(k,$,0,0)ERX (RF )T xRE XRN 7y
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—(eptVz(t,x))vllV( +——}|a 8t ——B 3
G

e PE(t) (G (D) Vit ) \ T Gir (1) Vy(t, ) \ 71

T ( a0 ) e )<( ) )g "
) ((hz*(t)e;(t) ( ))) hl*(t)eptv (t,x)

+E(D) : —mm(( ) )h ()

Rearrange the above terms we get

Let

() = B (0EB(E) — 5 o B

+ Vi(t, z) (m(t) + z (¢ () + T(t))) + ()= (i’ a;) =0, (4.19)



where A, I as given in the statement of the proposition with the terminal condition
V(T,x) = R(x). (4.20)
In order to solve equation (4.19) we do the following steps:

e Consider the ansatz function as

V(t,z) = @ (= + A(t))”’.

e Find the derivatives of V;, V, and V,

Vi(t,z) = a(t) <1: - A(t))%lw L1 <l, n A(t))”da(t)

dt o dt -’

Vo(t,2) = alt) <x + A(t))v_l, (4.21)
Voolt, 2) = (7 - 1>a(t) (x + A(t))v_z.

e Substitute above partial derivative in equation (4.19) to solve it, we get

a(t) (a: 4 A(t))v_l dA®) % (a: 4 A(t))wd‘;—it) _ 5(@@ (v+ A1)

7 ol
b oot (1_77) <a(t) (:1:' + A(t))7_1> A

+ o+ am)  (m0)+ o6 +r0)
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—
e Multiply previous equation <:z: - A(t)) we obtain

alt) dA®t)  1da(t)
TrAQ) Aty dt

g2

Y

a(
' [t '
+ x+A@)ww»+dC(>+M)0
a(t)
I'(t =0.
+ o
e Add r(tgzi(?(g(t) and & Sflgt()t?(t) to both sides we get

1 da(t) a(t) a(t) dA(t)  m(t)a(t)
o SO T An @ ey A

Lor®alt) | r(t)a®Al) | x-(talt)
s+ A®M) Tzt Al |z +AQ)

_ r(Ha®)A(E) | G- (t)at)A(t)
z + A1) T+ AG)

e To solve previous equation we separated it in two independent boundary value

problem one for a(t) and other for A(t)

1 da(t) a(t) ot (1—1 =
;7—§(t)—+r(t) +e W( )a(t) A

+¢i+ (t)al(t) + r(t)a(t) = 0.

Rearrange above equation we obtain

v—1

0

() &) e (1=9Y e Tda(t) _
(gi*(t)+r(t)+——7)a(t)+e ( 5 )((t) AJr7 g =0

(4.22)



And for A

a(t) dA(t)  m(t)a(t) r)a)A®t) G- (Ha()A()

T+ A{) dt | z+Al) z+A) PRI
Multiply above equation we get
PO a0 (=)~ ) +m(t) = o
A(T) = o (4.23)

Let us start solving equation (4.23) rewrite previous equation as:

PO A (1) - ) = —ml1).

The above equation is first order linear differential equation which can be solve by

integrating factor and the solution is in the form:

where
p(t) = o7 el
Hence,
A(t) = el I +<wldu (/ e JelrHclde _py (6))ds + C) :
t
Hence,

T
A(t) = el I+ (wldu (/ e Erw =G (lde (1 (5))ds + O) .
t

Using boundary condition we get:

T
A = [ msye g,
t
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e To solve equation (4.22) we assume that the solution is on the form:

a(t) = e "(G(t)'7,

a(T) = e, (4.24)

Differentiate a(t) with respect to time t, we obtain;

da(t)
dt

dG(t)
dt

— (L= ) () T Q) (—pe ).

Substitute the derivative of a(t) in equation (4.22) we obtain:

em (o) 50 (o))

+ << (t) + r(t) + % - %%W(G(t))l”

teiS (1_77) <e—ﬂt (G(t))l_v Ao

Multiply the previous equation by ﬁ, we get;

e HG) G+ (G0) (e )

e G(t)TA(E) = 0.

Divide the above equation by e™”* we obtain:
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Divide by G(t)~7), we get:

%ﬁ” i G@)% X A(t)ﬁ <gk* () +r(t) + jﬂ _ @)e—pt(;(t) —0.

Rearrange above equation:

dG(t) (W +p 1 (u®)—r®\ 4
dt *(:v~y‘5”<u—vw@0"

For simplify let:

me e &+ 1 (Mﬂ_r@> () + G (1), (4.26)

11—y 2'\0=9e@)) 1-7

Equation (3.40) can be rewritten as:

dG(t) -
=2 —OMGEH + AW = 0,

For simplify let:

e & $0+p 1 (u(t)—r(t)f_ v

11—+ 2"\ 0 =900 WOU%+@@», (4.27)

Equation (4.25) can be rewritten as:

Above equation is linear first order differential equation and its solution given by:

t
G(t) = elrHwdu (/ —A(s)elr Hwduqg 4 c) :

T
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From G(T') = 1 we have:
T T T ,
G(t) = e J Muduy / A(s)el —TEdug 1 Twdu g
t

Thus
T
Glt) = e ey [ g (g N, (4.28)
t

Finally :
T T s =
aft) = o7 (eft i [T H(@duas) . (4.20)
¢

e Substitute the value of V,, from (4.21) in (4.15) we obtain:

K (1 7) = %t)(x +A().

e Substitute the value of V,, and V,, from (4.21) in (4.16) we obtain:

EB(t)(x + A(t))
r(l—7)

0*(t,z) =

e For ¢, Let us consider the case where 1 = u* and substitute the value of V,, we get:

1

(G ) (G (o + AW)
¢?(t7x) = 1 -z Cu*( )

(¢w)

Simplify it by assume that:

So we have:
i max{o, {Zg (t, %) —4 910) } if w=u*(t)
(t,x) =
0 Otherwise,

"



where

i* (t) = argmin {¢; (¢)}. (4.30)
i€{1,2...,1}

Similarly, we can find q by assuming the case where j = j* and substitute the

value of V, we get:

Thus
) max {0, by () (E@) (@ + A1) ) b it j=j* (1)
qj (ta ZL’) =
0 , otherwise ,
Hence, we conclude the proof. O

Remark 4.1. (1) It seen from previous Proposition 4.1 that V(t,z), k*(t,z),
¢y (t,x) and ¢;(t, ) are all increasing with wealth x. However, the optimal risky-

asset allocation 0*(t, ) is decreasing with wealth x.

(2) It seen from previous Proposition 4.1 that as t goes to T, we have that G(t) — 1
and A(t) — 0. Hence, we observe that for an economic agent with a large wealth
that is close to reaching pension age, the optimal social welfare purchase will tend

to this limiting quantity of purchase
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Chapter 5

Conclusion

We have extended the work done by Mousa et al. [25] and Moath [20] by allowing
the economic agent to contribute in a social welfare market in order to protect her
family in the case of premature death.

We have studied the problem faced by the economic agent who is investing in the
financial market composed of one risk-free asset and only one risky security, and
have access to the life insurance market and social welfare policy consists of L
providers. We have used dynamic programming technique to derive a second order
nonlinear partial differential equation in order to maximize the expected utility.
Finally, We have characterized the optimal strategies concerning consumption,
wnvestment, life-insurance selection and social welfare policy using family of dis-
counted constant relative risk aversion utility functions.

In addition, we have introduced a generalized form for the economic agent to have
access to the financial market comprised of N risky assets, life insurance market,
and social welfare market composed of L providers. We used the idea of dynamic
programming principle to get the optimal strategies. Also, We have determined the

explicit solution in a special case of discounted constant relative risk aversion utility
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functions. Finally, we have concluded some properties for the explicit solutions.
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