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CHAPTER I

INTRODUCTION

Due to the rapid expansion in recent years of such diverse areas as
navigation and orbit determination, communication and control theory,
and operations research, the need has arisen for increased sophistica-
tion in dealing with problems caused by random noise in nonlinear dynam-
ical systems. The digital computer has become an invaluable tool in the
simulation of such nonlinear stochastic systems and their associated
optimal filtering algorithms. The filtering problem is to determine the
optimal estimate of the state variables of continuous-time nonlinear
dynamical systems from continuous noisy output observations. The digi-
tal computer, when used in the simulation of such systems corrupted by
random input and measurement disturbances, introduces new discretization
problems in obtaining an accurate, yet computationally fast, implementa-
tion of the particular filter under consideration. The proper choice of
sampling rate, integration scheme, and number of on-line computations
should result in an improved performance of the stochastic system under
consideration. Since exact solutions to nonlinear filtering problems
lead to infinite-dimensional computational algorithms, approximate
filters become necessary in most cases. Although complicated approxi-
mate nonlinear filters are available, extensions of the basic Kalman
filter are used most often in practice. The proper choice of the

approximate filter for the particular system under consideration and the



corresponding number of operations to be performed on-line become
important when operations are to be implemented on the digital computer.
The objective of this research was to investigate tradeoff possibi-
lities for the digital implementation of two versions of the continuous
Kalman filter for nonlinear dynamical systems. A detailed examination
of trédeoffs between complexity, accuracy, and computational speed was
made. The two particular filtering algorithms considered were the
variational Kalman filter and the extended Kalman filter. An examina-
tion of these two algorithms pointed out distinct differences as inte-
gration techniques, step sizes, and system nonlinearities were varied.
The approach to the problem was to develop a general digital
computer program to implement the variational Kalman filter and the
extended Kalman filter with provisions for handling changes in integra-
tion techniques and step sizes. Since the structural differences
between the two algorithms are small, the programming effort may be
accomplished with a single general computer program. This research was
performed to provide some insight into the problem of which filter to
use for a given application, which step size would likely result in the
most efficient treatment of the system being considered, and how severe

a plant nonlinearity each method would handle effectively.
Background

The emphasis has shifted in the past two decades from the design of
filters in the frequency domain, e.g. Wiener filtering, to time-domain
design, e.g. Kalman filtering. For linear, time-varying systems with
gaussian noise disturbances, the optimal filter in the mean-square error

sense is the Kalman filter. There are a great number and variety of



derivations of Kalman filtering algorithms to be found in the literature
which are very useful in new applications in the area of stochastic
control systems. The early work of Kalman (1) and Ka]man and Bucy (2)
dealt with a linear unbiased minimum-error-variance algorithm for state
estimation using an "orthogonal projection lemma“. More recent methods
for developing the continuous linear algorithm include a direct deriva-
tion from the Wiener-Hopf integral equation (3), a direct application
of the matrix minimum principle to minimize the variance of the estima-
tion error (4), and considerations of the continuous problem as the
1imiting case of the discrete problem as the sampling interval is re-
duced to zero (5,6). Sims and Melsa (7) considered the use of fixed-
configurations for supoptimal linear estimation.

Certain applications, such as frequency and phase modulation,
having inherently nonlinear observations models, and the nonlinear
dynamic message models for many vehicle guidance and control problems
are treated by extending the Kalman filter for approximate filtering
in nonlinear systems. These problems may be treated by linearizing
about a nominal trajectory, by the invariant imbedding sequential esti-
mation procedure introduced by Bellman (8), or by conditional mean
estimation for nonlinear systems (9,10). These minimum-error-variance
filtering algorithms répresent a form of "linearized" Kalman filter for
the nonlinear case (11), whereas maximum a posteriori estimation,
derived from nonlinear two-point boundary-value problems, uses "running-
time" invariant imbedding (12). The linearized Kalman filter (13), a
heuristic extension of Kalman and Bucy's ear]ier.work (2), is a minimum-
variance filter based on linearization about a nominal trajectory. If

one assumes-the conditional-mean estimate is known and the message and



observation models are expanded about the conditional-mean estimate, .
the resulting first-order conditional-mean filter is called the extended
Kalman filter (5,14). A limited amount of research comparing these
filters can be found in the literature (15,16).

Since data representing continuous random processes must often, as
in certain Kalman filtering applications, be processed and analyzed in
terms of discrete sample values (17), some continuous-to-discrete con-
version errors are introduced. If the sampling update rate for filter-
ing is considered to be constant, then the problem remaining is that of
choosing an appropriate sampling interval. Sampling at points too close
together results in an unnecessarily large cost of calculations. On the
other hand, sampling intervals too large lead to aliasing problems,
which are potential sources of error. The question becomes one of
choosing the Nyquist frequency as a lower limit of the sampling rate.
The choice will ]ead to a suitable compromise between accuracy and speed
to yield an efficient but accurate Kalman filtering algorithm.

Because of the rather important role played by the modern computer
in the analysis, design, development, and control of a wide variety of
systems, it is appropriate to consider the numerical techniques that
have been developed for system simulation. In performing the basic
operations involved in simulating a continuous system on a digital
computer, certain approximations which introduce various types of errors
are inherent.

One of the most important areas of concern in the simulation of
differential equations on the digital computer is the choice of numeri-
cal integration techniques. The exténsion of the State Transition

Method (18) to certain nonlinear systems by means of a quasi-linear



approach was considered by Giese (19). Also, Wait (20) introduced a
generalization of the state-space method using piecewise linear approxi-
mations to handle nonlinear systems by using interpolations and extra-
polations of system inputs. The similarity of the general state
transition method of Liou (21) to the conventional fourth-order Runge-
Kutta method (RK4) was pointed out by Mastascusa (22). Benyon (23)
investigated the proper selection of integration formulas based on com-
puting speed and accuracy for the simulation of guided missiles and
similar systems. He compared predictor, predictor-corrector, and Runge-
Kutta methods of different orders, both theoretically and experimentally.
Rowland and Holmes (24) investigated digital integration techniques for
nonlinear dynamical systems by introducing a variational approach and
making certain numerical approximations which yielded improvements in
both accuracy and execution time. The approximations involved in their
method were shown to be effective for mildly nonlinear systems, and an
improvement over RK4 in both speed and accuracy in certain. cases was
demonstrated for the variational method developed.

Several comparisons between Runge-Kutta (25) and predictor-
corrector formulas (26) have been made. Both Hildebrand (27) and Kopal
(28) treated Runge-Kutta (RK) methods and their derivation and use
extensively. While the step sizes in RK methods are easy to change
because of their self-starting feature, error estimates are not readily
available. On the other hand, predictor-corrector methods yield error
estimates readily, but must employ another means of starting, such as
RK formulas.. Merson (29) has devised a modified Runge Kutta method from
which error estimates may be made by increasing derivative evaluations.

Rice (30) and Forrington (31) have described the 1imited use of mixed



step-length "split Runge-Kutta" and "split predictor-corrector" methods,
respectively. Two major sources of error introduced in the digital
solution of differential equations are truncation errors and roundoff
errors. Blum (32) and Gill (33) devised schemes for reducing the effects
of roundoff errors. A method developed to give an estimate of trunca-
tion error was described by Lance (34) as the Runge-Kutta-Merson (RKM)
method, a modification of the basic fourth-order Runge-Kutta method
having a slightly smaller trUhcafion'erroro While requiring five itera-
tions per step, RKM allows one to maximize the step:while the truncation
error is maintained within specified limits.

It can readily be observed that much work has been done in estima- .
ting the state of noise-corrupted nonlinear systems, resulting din
several very effective algorithms for state estimation in nonlinear
system. There have been extensive investigations of a large variety of
numerical integration techniques designed to handle different types of
systems. -However, an investigation is needed to determine which inte-
gration technique or combination of techniques would be most effective

to implement a particular filtering a1gor1thm5
Kalman Filtering For Non]inear Systems

Consider the nth-order class of nonlinear dynamical systems driven
by white noise with noise-corrupted observations defined by

X (t) = f [x(t),t] + B(t)w(t) (1.1)

z(t) = h [x(t),t] + v(t) (1.2)
where w(t) is an r-vector of zero-mean white Gaussian noise processes
with a covariance matrix

cov {w(t),w(z)} = Q(t) &y(t-1) (1.3)



where GD'(') is the Dirac delta function. The observation is an m-
vector corrupted by additive, zero-mean, white Gaussian noise with a co-
variance matrix

cov {¥(t), v(c)} = R(t) &y (t-t) (1.4)

Both Q(t) and R(t) are symmetric, positive-definite matrices. It is
assumed that w(t), v(t) and gjto) are all uncorrelated.

Given the set of data z(t), the problem is to apply the variational
and extended versions of the Kalman filter to determine an estimate of
the state of the system.

The variational Kalman filter is based on incremental linearization
about a nominal trajectory. Both f[x(t),t] and h[x(t),t] are expanded
in a Taylor series about the nominal deterministic trajectory given by

ky(t) = £Lxy(t),t] (1.5)

For the variational Kalman filter, A(t) and C(t) are given by

af[x(t),t]
AY) & =5y x(t) = xy(t)
(1.6)
BhEX t)st]
C(t = (T
(t) & ax(t x(t) = xy(t)

The resulting linearized message and observation models are
sx(t) = A(t) sx + B(t)w(t) (1.7)
6z(t) = C(t) 8x + v(t) (1.8)
where 6x and §z(t) are the deviations from the nominal trajectory and
nominal observation, respectively. If these deviations are small, then
the higher order terms of the Taylor series expansion may be neglected

to yield (1.6) - (1.7). Therefore, the variational Kalman filtering

algorithm may be written as



sx(t) = A(t) sx(t) + K(t) (sz(t) - B(t) sx(t)) (1.9)

K(t) = P(t) CT(t)R7(t) (1.10)
where the error variance equation is given as
P(t) = A(t)P(t) + P(t)AT(
+ B(t)Q(t)B(t)

t) - Pe)c ()R (E)C(t)P(t)
(1.11)
The total Tinearized state estimate is

x(t) = xy(t) + sx(t) (1.12)

The extended Kalman filter may be obtained by assuming that the
conditional-mean estimate x(t) is known and used to expand the message
and observation models in a Taylor series. The linearized coefficient

matrices A(t) and C(t) for the extended Kalman filter are

A(t) o OEEX(t),t]
s ax(t) x(t) = x(t)

oh[x(t),t]
C(t) & =y -

(1.13)

>

(t)

}><>

For -the 1inear case, it is clear that both of these algorithms feduce to
the Tlinear Kalman filtering equations. It should be pointed out that
the time-varying gain K(t) may-be precomputed for the variational

filter algorithm. This fact becomes especially important in cases where

on-line computational time is critical.
Approach To The Problem

The initial effort was to develop a computer program that would
accurately simulate the nonlinear system considered, using an accurate
integration method for all investigations. Thereafter, a second portion

of the program would implement each filter by using one of the several



integration methods under investigation with a provision for adjusting
the step size for speed and accuracy tradeoff studies. A comparison of
the accuracies of both filters is desirable as a basis of comparison for
accuracy versus computational speed and later for several integration
methods. Since no comparisons have been made in the literature for
stochastic filters when implemented by different integration methods,
the results of such a comparison will provide useful information in
cases where an optimal choice of both the type of filter and the method
of integration is desirable for time-critical computations. Some in-
sight into the effects of system nonlinearities and input noise on
filter performance might be derived from the results in Chapters II and
I1I.

The curves of Chapters II and III will illustrate at what point it
becomes advantageous to use the more computationally complex extended
filter over the variational filter for a given set of operating condi-
tions. Chapter IV will provide an idea as to how computationally com-
plex an integration algorithm to use for given accuracy or computational
speed requirements. All the above points of interest will provide
valuable information about the variational Kalman filter or the extended

Kalman filter when computational accuracy and speed are of importance.
Thesis Outline

Following this introduction to the problem, a brief description of
the digital computer program used to implement the two filtering algor-
ithms, along with preliminary simulation results comparing accuracies,
is presented in Chapter II. Chapter III sets forth considerations of

accuracy versus computational speed as the integration step size is-
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adjusted to represent data rates consistent with the amount of on-Tine
calculations performed. Tradeoffs between accuracy and computational
speed are investigated with respect to several different numerical inte-
gration techniques in Chapter IV. Conclusions and recommendations for

further research are presented in Chapter V.



CHAPTER II
PRELIMINARY DEVELOPMENT AND RESULTS

The first step in the investigation of the implementation of Kalman
filtering algorithms for nonlinear applications is the development of an
appropriate digital computer program. Only the two continuous versions
of the Kalman filters under examination were implemented. Because the
methods of simulating the system, filter algorithm, and integration
schemes are of great importance in such a study, a program description
will be provided along with preliminary results of accuracy comparisons

for the variational and extended Kalman filters.
Digital Computer Program Description

The initial part of this research effort was necessarily the
development of:a multipurpose digital simulation program. To obtain the
flexibility necessary to examine the effectiveness of both the varia-
tional and the extended Kalman filters, a flexible computer program was
implemented by using several generalized subroutines. A comprehensive
listing of the Fortran program is given in the appendix.

Since the structural differences between the two algorithms are
small, a single program was used to implement both filters with only
minor changes. The simulation program was capable of implementing the
variational filter (KALF = VAR)'or the éextended filter (KALF = EXT) for

any nonlinear system by inserting system equations in Subroutine XEQN

11
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by inserting system equations in state variable form into Subroutine
XEQN. Partial derivatives of f[x(t),t] with respect to each state
variable must be calculated and then defined as the elements of A(t) in
Subroutine JAC. Subroutines RUNGK and RK4 are both fourth-order Runge-
Kutta integration subroutines and Subroutines RK2 and RK2P are both
second-order Runge-Kutta integration subroutines. The integration of
filter equations by the second-order Adams-Bashforth formula may be
accomplished with Subroutines AB2 and AB2P. "Subroutine RNG generates
two series of random numbers which become the input and measurement
noises. Subroutine DELXH and Subroutine RSL are used to calculate the
filter equations for ngt) and P(t), respectively. The flow chart
shown in Figure 1 depicts the basic features of the program operations
for both filters. It illustrates that the program may generate a single
sample function (MCR = 1) or any number of Monte Carlo runs (MCR > 1),
where the sample mean and sample variance of XE(t) are both calculated.
XE(t), the error in the estimate, is determined from the equation

A

XE(t) = x(t) - x(t) (2.1)

The sample mean and sample variance for the first state of the

system are defined as

MCR
XIBAR = 3 (XE;(t))y (2.2)
M=
MCR
MCR )
VARKT = 37 (XE;(t) - XIBAR)y (2.3)
MTE]
MCR

Corresponding relationships, X2BAR and VARX2, are defined for xz(t)a
The average RMS error RMSER ; which is used extensively in this chapter,

is computed in the program from the equation
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‘;X](LN) - X](LNEi’fNTOT (2.4)

for a total number of samples NTOT.

INTOT
RMSER =
¥ V1

The nonlinear system used in the computer program for all compari-

sons made is given by

= -2 x1(t) + axy(t)

e
—
Pam
o
g
{

(2.5)

Ko
N
—
+
~—
!

= -x2(t) + w(t)

This system was used by Rowland and Holmes (35) for error propagation
studies and was found to be acceptable as a nonlinear reference system.
Figure 2 shows a second-order nonlinear circuit described mathematically
by

o ﬁEJTZ; Vo ¥ Tgf%:; V13
v]=-§1—]‘T1— V'I+R'1_C_]'Vs,
where RyCy = 1, RyCy = %, and the source vs(t), applied for all t > 0,
is a zero-mean Gaussian white noise process with variance Q. Identify-
ing Vo 85 Xy and Vy as X with the given parameters yields (2.5)
directly from (2.6) and the nonlinear circuit of Figure 2. The obser-

vation model in all cases considered was given by

z(t) = x](t) + v(t) (2.7)

where the variance of the zero-mean white noise process v(t) was 0.1 for
all time.. A block diagram of the system in (2.5) with its associated

Kalman filtering algorithms is shown in Figure 3.
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Numerical Comparisons Based on Accuracy

For accuracy comparisons of the two algorithms, a standard fourth-
order Runge-Kutta integration method (RK4) was used. The data rate was
held constant for accuracy comparisons, in this chapter and computa-
tional speed comparisons are described in Chapter III. Parameters
under consideration were the magnitude of the system nonlinearity (a),
the order of the nonlinearity (AEXP), and the variance of the input
noise (Q). Because of a more accurate reference trajectory, i.e. the
new estimate of the state as that estimate became available, the 1in-
earity assumptions were more accurate for the extended Kalman filter
than for the variational filter. Due to this relinearization, large
initial estimation errors were not allowed to propagate in time.

Figures 4 and 5 show sample functions of sample error variance for X1
Q](t), x1(t)'Var and x](t)text
Q = 10, and AXEP = 3. Because of the better accuracy of the extended

versus time for the conditions of a=0.5,

Kalman filter and the fact that no penalty is associated in this chapter
for the additional on-line operations, Figures 6, 7, and 8 indicate an
improved performance for the extended Kalman filter in the average RMS
error defined by (2.4).

It shou]d be noted that Figure 4 represents single sample functions
and should be viewed as typical behavior for the state estimate of the
system. More valid plots of estimate errors would show Monte Carlo
averages for many sample functions. Figure 5 shows error variance
results obtained by using twenty-five Monte Carlo runs with a constant
step size of 0.05 for both filters. These results point up an area to

be considered in Chapter III, i.e. the adjusting of the step size of
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both filters or the penalizing of the extended filter for having more
on-1ine operations per step than the variational filter, whose filter

gain and error variance may be precomputed.
Tradeoff Possibilities

It is clear from Figures 6, 7, and 8 that for all cases considered,
the unpenalized extended Kalman filter performed better than the varia-
tional Kalman filter. It should be noted, however, that there exists a
penalty of increased computational time for the extended filter and that
for smaller values of input noise and nonlinearities the variational
filter could possibly be used for increased speed. It can also be seen
from Figures 6, 7, and 8 that as conditions become more harsh, the
error in the estimate of x](t) for the variational filter becomes much
more pronounced when compared to that of the extended filter. It is
conjectured that there exists a certain operating point beyond which the
extended Kalman filter should be used as opposed to the variational
Kalman filter. This point may be determined by the degree of accuracy
required for the particular case being considered here. It is apparent
that for some given set of parameters with the step sizes adjusted to
give comparable performances in computational speed for both filters,
the extended Kalman filter should be used for its greater accuracy in
dealing with harsher nonlinear conditions. These tradeoffs will be

considered further in the following chapter.
Summary

Comparisons of the two filters based entirely upon accuracy have

been made in this chapter for a particular second-order nonlinear
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system. The standard RK4 integration formula was used throughout with

a nominal step size of 0.05 seconds. The error in the estimates of the
state x1(t) was examined in the average RMS sense. It was shown that,
for the particu]ar'system considered, the higher the input noise and the
greater the nonlinearity, the more pronounced was the advantage of the
extended Kalman filter in computational accuracy. The need for includ-
ing a penalty for decreased computational speed and a subsequent
accuracy versus speed study was 1#troduced for consideration in the next

chapter.:



CHAPTER III

COMPUTATIONAL SPEED AND
FILTERING PERFORMANCE

To make a fair comparison of the extended Kalman filter and the
variational Kalman filter on the basis of computational speed and
accuracy, a suitable adjustment was made in the step size at which the
more computationally complex algorithm operated. Once this was done, it
was possible to outline the conditions under which it was advantageous
to utilize each of the two filtering algorithms. The important system
characteristics which comprise thlese conditions are input noise, order
of nonlinearity, and magnitude of nonlinearity. The RMS error in the
estimate of x](t) was again used as a measure of filtering performance
as these parameters were varied for both filters. These comparisons
form a basis for the consideration in Chapter IV of several single-step

and multi-step integration methods when used to implement both filters.
Number of Computer Operations

When totaling the number of on-line operations for each filter,
some relationship between a multiplication and an addition must either
be calculated for the particular computer being used or assumed in the
more general case. Benyon's assumption (23) that a multiplication takes
approximately twice as long as an addition was used in this chapter.

It was also assumed that those operations that could be computed off-line
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were precomputed and stored for subsequent use. Those quantities which
varied from interval to interval, but were held constant over a particu-
lar interval, were computed only once per interval and then stored for
later use in the same interval. The integration of ﬁ(t) and 6§(t) by
RK4 and the calculation of K(t) by mu]tipfying P(t) by a precomputed
constant made up the operations from which the total number of weighted
on-line operations was determined for the extended Kalman filter. This
number was reduced substantially for the variational Kalman filter,
which required that only éi(t) be integrated on-line.

It was determined that for an nth order system with r-dimensional
input noise and m-dimensional observation observation noise, the number
of multiplications involved in Equation (1.10) is n2m and the number of
additions is (n-1)nm for the above assumptions. Equation (1.11) requires

[n{n + 1)(3n + r)/2 + n(r2 +n) +n(n+ 1)/2] multiplications and

[n(n + 1)(3n + r-4)/2 + nr2 -nr+ n3 - n2 + 9 + n(n +1)/2] additions.
Finally, it is noted that Equation (1.9) involves [nz(m +2) + n] multi-

plications and n(n2 + 2) additions.

Numerical Resuilts

Numerical comparisons showing the number of on-line operations
required for the variational and extended Kalman filters for a.second-
order system of the form given in Figure 3 are provided in Table 1.
These number of operations were computed by assuming that the RK4 inte-
gration formula was to be used. While the elements of the A(t) matrix
are a function of the state estimates for the extended filter, the

number of operations cannot easily be found for the general case.
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Taking into account the zeroes in the matrices A(t), H(t), and
é(t), for the second-order system of Equation (2.5), the weighted total
number of operations for the extended Kalman filter is 292. This
corresponding number is 116 for the variational Kalman filter. The
ratio of the number of weighted operations performed on-1ine for the
extended filter to the number of weighted operations performed on-1ine
for the variational filter is then 2.52. Thus, for the curves of Figures
9, 10, and 11 a step size of HF = 0.05 seconds was used for the varia-
tional filter and a step size 2.5 times that number, i.e. HF = 0.125
seconds, was used for the extended filter. As in Chapter II, the system
equations were integrated at the smaller step size of HH = 0.025 seconds
to more closely approximate the realtime system. In addition, all the
curves of this chaptér are for the same sequence of random numbers,
generated every 0.025 seconds. Moreover, each curve represents a set of
single sample functions. The systém equations were integrated out to
five seconds and the RMS error determined from an average of twenty
va1ﬁes computed every 0.25 seconds. Figure 9 illustrates the effect of
input noise on filter perfdrmance for a single sample function. It
appears that for the system of Figure 3 and input noise Q < 8, the
variational Kalman filter consistently out-performed the extended filter.
For Q > 8 the added complexity of the extended filter was beneficial in
spite of the bena]ty of a larger step size. Figures 10 and 11 support
the results of:Figure 9 in that the variational filter performance is
superior to that of the extended filter for mild conditions, i.e. small
magnitude of nonlinearity and small order of nonlinearity. Figures 10
and 11 also identify conditions for more harsh nonlinearities, where the

extended filter increasingly outperformed the variational filter.



TABLE 1

A COMPARISON OF THE NUMBER OF ON-LINE OPERATIONS
REQUIRED FOR THE TWO FILTERS

Special Case with
Zero Elements Included
forn=2,r=1,m=1

General Case for
n=2,r=1,m=1

Mult. Add Mult., Add
Integration 30 27 13 12
Integration 14 12 10 9
Calculation of K 4 2 2 0

Totals for the
Variational 14 12 10 9
Kalman Filter

Totals for the
Extended Kalman 48 41 25 16
Filter :

Totals for the
Variational

Kalman Filter 56 48 40 36
Using RK4

Totals- for the
Extended Kalman

Filter Using 180 158 94 84
RK4
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Summary

An indication of the added complexity of the extended Kalman filter
over the variational filter was identified 1n this chapter for both a
general second-order system and for the specific second-order system
considered in Chapter II. A ratio of the number of on-11ine computer
operations was determined to penalize the extended filter by increasing
the filter step size to yield filtering algorithms of approximately
equal computational speed. A comparison of the two filtering algorithms
based on both computational speed and accuracy was then made. Therefore
a basis has been developed from which further studies involving the use

of several well known integration methods may be made in Chapter IV.



CHAPTER 1V

ON-LINE KALMAN FILTERING USING DIFFERENT
NUMERICAL INTEGRATION FORMULAS

This chapter is concerned with the on-Tine simulation of the non-
linear stochastic system described in Chapter II using both the extended
and the variational Kalman filtering algorithms described in Chapter I.
In particular, several different integration methods are investigated
using the step sizes for each filter as determined in Chapter III for
algorithms of equal computational speeds. It is assumed that there are
two computers available, a fast computer and a relatively slow computer.
Step sizes for three different integration algorithms were determined by
considering the total number of weighted on-line operations. Compari-
sons involving simulations of the two computers were made between
single-step methods (RK4 and RK2). The more accurate of these methods
was compared with a multistep method (AB2) for the slower computer.

Results were verified by ensemble-averaging 100 Monte Carlo runs.
Single-Step Integration Formulas

Integration formulas may be classified as either single-step or
multistep methods. One important group of single-step algorithms are
the Runge-Kutta (RK) methods. Because they involve only first-order
derivative eVa]uations, they are computationally simpler than the higher-

order Taylor formulas but produce results equivalent in accuracy to
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higher-order formulas. For differential equations of the form

dx/dt = f(x,t), RK methods require the evaluation of f(x,t) at two,
three, and four values of t on the interval ti <t < t1+] for second,
third, and fourth order approximations, respectively. Two of the
several available RK methods were used to implement the filtering
equations for both the extended and variational filtering a1gofithms in
this chapter. The first was a second-order Runge-Kutta formula (RK2)
which requires two derivative evaluations and two projections as shown

geometrically in Figure 12. The algorithm is given by

Xivg = X * (g + my) (4.1)
where h is the step size and

my = £x5 t)

LR

f(x-'i + mohs t'i'i']) (4°2)

The expression for m; in Equation (4.2) uses a predicted value of x at
the endpoint of the interval, i.e. x; + hmy. The corrector equation
in (4.1) utilizes the average between the initial slope (mo) and a
projected slope (m]) for proceeding over the entire interval.

The second Runge-Kutta method used in this chapter approximates
the derivative at four points over the interval [ti’ ti+]]5 instead of
only two. Figure 13 geometrically describes this fourth-order method

(RK4) given by
_ h
X541 5% 17 (mo + 2.'11] + Zﬂz + _”_1,3) . (4.3)

where
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Slope = m,
y
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Figure 12. Geometrical Interpretation of
Equations (4.1) and (4.2)
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mgh
m—1=f-(51+=8_’t1+%)

h X (4.4)
mp = £y + 0ty 7))

mg = £y + Mh o tyyq)

Numerical Results Using

Single-Step Methods

Because of its extensive use in a wide variety of areas and be-
cause of its high degree of accuracy, the RK4 integration method used
exclusively in Chapters II and III was also used in the research
described in this chapter as a basis of comparisons with other integra-
tion methods. The other single step method chosen (RK2) provides a
clear comparison between a Tower-order integration method and a higher-
order method with integration step sizes properly adjusted for differ-
ences in the number of on-line computations. As noted earlier, the
total number of weighted operations involved in implementing the varia-
tional filter for the system in Equation (2.5) using RK4 is 116. For
the extended filter, this corresponding number is 292° When the filter
equations are integrated for (2.5) by RK2, the total number of weighted
operations is 58 for the variational Kalman filter and 148 for the
extended Kalman filter as indicated in Table II.

It was assumed that for the nonlinear system equations considered,
the filter can be operated on-line for a filter step size HF = .05
seconds with 120 weighted operations per step. Let this compuyter be

designated as Computer I. These conditions then allow the variational



TABLE II

TOTAL NUMBER OF OPERATIONS AND CORRESPONDING STEP
SIZES FOR THE THREE INTEGRATION METHODS

Total Number of Step Size for Integration of
Weighted Operations Filter Equation
Variational | Extended Variational Extended
Kalman KaTman KaTman Kalman
~ Filter Filter Filter Filter
Fourth- -
Order 116 292 Computer I: HF=.05 sec. Computer I: HF=.125 sec.
Runge-Kutta Computer II: HF=.10 sec. Computer II: HF=. 25 sec.
Second- »
Order 58 148 Computer 1I: HF=.025 sec. Computer I: HF=.0625 sec.
Runge-Kutta Computer II: HF=.05 sec. Computer II: HF=.125 sec.
Second- o
Order =
Adams- 31 84 HF = .025 sec.
Bashforth

8¢
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filter, using RK4 and having 116 weighted operations per step, to be
operated at HF = .05 seconds. The extended filter using RK4 must then
be operated at HF = .125 seconds as shown in Table II. The step sizes
for both filters using RK2 was found in the same manner to be HF = .025
seconds for the variational filter and HF = ,0625 seconds for the
extended filter. In order to compare performance at the same points in
time, such as at every 0.125 seconds, the error was determined every
other step for the extended filter using RK2. Because of its obvious
significance in filtering applications, only the input noise variance
was varied in this work on different integration methods. Numerical
results for RK2 with Computer I are shown in Figure 14. Figures 9 and
14 illustrate that the lower order integration method (RK2) was superior
to the higher order integration method (RK4) used with either filter
for Computer I.

Another computer (II) operating at a slower speed implementing
both filters using both RK2 and RK4 was introduced to give further
insight into the favorable operating conditions of each filter-
integration method combination. Computer II can perform only 60
weighted operations for a step size HF = .05 seconds and must there-
fore be operated at HF = .01 seconds for RK4 to perform the same number
of operations as Computer I in the same total time. Step sizes used
for Computer II are given in Table II, and numerical results are shown
in Figures 15 and 16. These curves i]]ustrate that only a slightly
lower average RMS error was obtained when using RK2 with both filters.
The combinations of RK2 with the variational filter and RKZ with the
extended filter both yielded convergent numerical results for higher

input noise (Q < 7) than the RK4-filter combinations, which became
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divergent for Q > 3. Comparing the results in Figure 14 with the
results in Figure 15 for the moderate input noise of Q = 2 shows that
the average'RMS error of 0.413 for the RK2-variational filter combina-
tion is the Towest erkof of the four combinations. Other combinations
yielded errors from 6.8% to 22.4% greater than this lowest error.

As shown in Chapter III, it is apparent that the extended filter
performs better than the variational for much higher values of input
noise when Computer I was used. The cross-over point beyond whichvthe
variational filter performed better than the extended filter occurred
for much milder input noise conditions when the larger step size corre-
sponding to‘Cdmputer‘II was used for the filter equations.

To verify the results of these sihg]e sample functions for moderate
input noise, Monte Carlo ensemble averages were run for all four combin-
ations for Computer II. For 100 Monte Carlo runs, the sample error
variances for the variational and extended filters using both RK2 and
RK4 are plotted in Figure 17. AvsTight1y lower input noise variance
(Q) was used because of occasional numerical instability problems over
the 100 runs. The RKZ2-variational filter combination was again clearly
superior to the other three combinations. Although the differences
between the RK4 combinations were smaller, the RKZ-extended filter com-
bination generally performed better over the entire five second solution
than either filter with the RK4 method. The performances of the RK4
combinations wére both more erratic with higher variances of error than
either RK2 combinitionn Therefore, the lower-order method was consist-
ently superior,to.the higher-order method for the larger step size
(Computer I1), while the differences were not so pronounced at the

smaller step size (Computer I).
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Multistep Integration Formulas

Integration formulas which require information not only at ti but
also outside the integration interval under consideration [t1,t1+1] are
referred to as multistep methods. A disadvantage of these methods is
the requirement of additional information to start the procedure,.
However, these methods do require considerably less computational time
than single-step methods. Multistep methods include predictor, correc-
tor, and predictor-corrector methods.

A simple multistep predictor method called the Adams-Bashforth
second-order method (AB2) has been chosen for comparison with the two
single-step methods considered earlier in this chapter. This particular
multistep method utilizes a single past slope as shown in Figure 18. A

polynomial is formed and extended to time ti+1 to determine x., , to form

1+1
the equation
X = x, + 10 (3%: = X: ) (4.5)
S I ARG B B ’
Equation (4.5) is used to update X, and x is updated by the equation
X141 = E4ap0t509) (4.6)
Together, Equations (4.5) and (4.6) mathematically form the second-
order Adams-Bashforth (AB2) method.

Numerical Results Using

Multi-Step Formulas

Once again the initial step in obtaining numerical results for
comparison purposes was to determine the weighted number of operations
and the associated filter integration step size. This information is

tabulated in Table II. Because the variational filter requires 31
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weighted operations per step when integrated by AB2, a step size of

HF = .025 seconds was used with Computer II. Figure 19 shows how the
AB2 variational filter combination performed for different input noise
varfances (Q). Comparing Figures 15, 16, and 19 demonstrates that the
second-order multistep method (AB2) operated with much greater accuracy
for all values of input noise variance considered than did either RK4-
filter combination. A similar comparison with the curves of the RK2-
filter combinations was inconclusive for a set of single sample func-
tions, even though the same set of random number was used in every case.
This observation indicated that a Monte Carlo ensemble average was
needed to provide more conclusive results. Such a comparison with both
RK2-variational filter and RK2-extended filter combinations has been
made in Figure 20. This more valid set of results for 100 Monte Carlo
runs shows that the AB2-variational filter combination, at the same
computational speed as the RK2 methods, was clearly superior to both
RK2 methods.

The AB2 extended filter combination was not implemented due to
difficulties in making comparisons at the same points in time. However,
it is expected that its performance relative to the AB2-variational
filter combination would have been similar to the relative performances

of the RK2 and RK4 combinations.
Summary

Both single-step and multi-step methods were examined in conjunc-
tion with both the variational Kalman filter and the extended Kalman
filter for a variety of operating conditions. A "fast" computer

(Computer 1) and a "sTow" computer (Computer II) were used to simulate
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the several integration method-filter combinations considered. It was
determined that the lower order single-step method (RK2) was markedly
better than the higher-order method (RK4) for Computer II with both
filter combinations. The improved performance was only marginal at the
smaller step size (Computer I) for a mild input noise. After adjusting
step sizes to obtain filter-integration method combinations of approxi-
mately equal computational speed, it was shown that the multi-step
method (AB2) was clearly more accurate than either of the single-step

methods for both filters.



CHAPTER V
CONCLUSIONS AND RECOMMENDATIONS
Conclusions

A general purpose digital computer simulation program was developed
to carry out the research in this thesis. This program allowed the
implementation of both the variational Kalman filter and the extended
Kalman filter for a variety of significant operating conditions and
filter integration methods. A1l simulation results are for a particular
nonlinear stochastic system corrupted by zero-mean white Gaussian noise.
Both filters were first compared for computational accuracy and compu-
tational speed as the input noise variance, order of nonlinearity, and
magnitude -of nonlinearity were varied. The results indicated that the
extended filter is far superior to the variational filter in terms of a
lower average RMS error when operéting at the same step size. It was
shown that for all values of input noise and system nonlinearities con-
sidered, the extended filter should be used where accuracy is the only
important consideration. This conclusion is even more significant for
the more harsh conditions of higher input noise, higher order nonlinear-
ity, and larger nonlinearity, where the extended filter with its relin-
earization each step became increasingly more accurate than the
variational filter. It was then concluded that a decision as to which
filter to use for a given application should be determined by consider-

ing both accuracy and computational speed requirements. For highly

R
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nonlinear conditions the extended Kalman filter should be utilized, but
for mild operating conditions the computationally simpler variational
Kalman filter is more desirable. In making comparisons based on both
computational speed and accuracy, the number of weighted operations for
each filter was computed to determine the step size at which each fil-
tering algorithm should be operated. Once this had been accomplished,
it was found that there existed a set of conditions beyond which the
variational Kalman filter should be used, since the extended filter had
been penalized for its excessivé number of on-line computations. For
all but the most severely nonlinear conditions, the variational Kalman
filter proved to have a lower average RMS error than the extended Kalman
filter for the same sequence of random input noise and with the integra-
tion of -both system equations and filter equations by the fourth-order
Runge-Kutta method. These results provided a basis for comparison of
several single-step and multistep integration methods when used to inte-
grate the filter equations for both a slow computer and a fast computer.
Firétg it was necessary to again adjust the step sizes for each inte-
gration method as a function of the number of operations each must per-
form every step and then to compare errors at the same points in time.
It was determined that for a smaller step size, a lower-order "1integra-j
tion method should be used for a lower estimation error and for a more
stable solution. These conclusions were supported by a Monte Carlo
ensemble average of 100 runs. The second-order multistep method was
found to be much more accurate than either single-step method used to

integrate each filter at the larger step size.
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Recommendations for Further Study

The general purpose digital computer simulation program developed
for this research may be easily adapted to a large variety of nonlinear
stochastic systems and integration methods for further investigation of
their combined use. Investigation of higher-order, more complex systems
with smaller time constants would provide a broader area of preferred
operation for each nonlinear filter considered in this research effort.
More valid results might be provided by‘making large numbers of Monte
Carlo ensemble averages rather than single sample functions.

Anpther area which might be of ‘importance in estimating the states
of a nonlinear stochastic system using different integration methods is
that of considering other nonlinear filters described in the literature.
Additional problems such as truncation error, roundoff error, mixed step
length, numerical instability, and special methods for the linear parts
of a.system (23) might be considered for combinations of integration

methods -and filtering algorithms of interest.
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APPENDIX

COMPUTER PROGRAM FOR SIMULATING NONLINEAR
STOCHASTIC SYSTEMS USING CONTINUOUS
KALMAN FILTERS

The general purpose digital computer simulation program listed here
has several differént operational modes. Any one of several integration
methods may easily be used for both the system equations and filter
equations separately with provisions for integrating the system at a
different step size (HH) than the step size used for the filter equation
(HF). The system equations, defined in subroutine XEQN, may be altered
by changing the order of the nonlinearity (AEXP) or the magnitude of the
nonlinearity (ALPHA). There is also a provision for a single sample
function (MCR = 1), or Monte Carlo ensemble averaging over any desired
number of runs (MCR = number of runs). The sample variance of each
state of the system (VARX, VARX2) is computed from a ten-point average.
Either filter may be implemented by setting KALF = VAR or KALF = EXT
for the variational Kalman filter and the extended Kalman filter,

respectively.
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THIS PROGRAM SIMULATES A NINLINEAR STOCHASTIC SYSTEM
USI NG ANY ONE OF SEVERAL INTEGRAT ION METHIDS WITH
EITHER THE VARIATIONAL KALMAN FILTER OR THE EXTENDED
KALMAN FILTER.

KALF=EXT EXTENDED KALMAN FILTER

KAL F=V AR VARTATIONAL KALMAN FILTER

MCR =1 SINGLF SAMPLE FUNCT ION

MCR= DESIRED NUMBER 0OF MONTE CARLO RUNS

ALPHA= WEIGHTING FACTOR FIR MAGNITUDE OF NONLINEARITY
AEXP= ORDER UOF NONLINEARITY

NS= ORDER OF SYSTEM

INTEGER RS ,VARLEXT

REAL K

DIMENS ION DXP{2},DPP(2,2)

DIMENSION XNC&4)} oXND(4) sUP(% 941 9P (494) 9 X (4 )y DX (% )y XH{4)yDXH{4)gHTR]
Flay 2 oWl 2) o WL02) s XHTL 4}y VAND WL 2}

DIMENSION SUMX1(20),55QX1{20),X1BAR{(20}, VARX1{20),
HSUMX2(20) 4ySSQX2(20) ¢ X2BAR(20) yVARX2 (20 4XE(2)
COMMON BG4y 23y K{492) o H{ 294)4R{242)yHT{ 4421 9Q(252) 4yKUTTA 488 yHH 3V G,
#¥VYN(2) 9»MS sRS s KALF ¢ NSy RI(4,4 )y ALPHAZAEXP ) HF
COMMUN/BLOCK 2/1 Xo,DUM

COMMON/ BLOCK3 /PP, DXP

DATA WMEAN] ,WMEAN2 ,VMEANL VMEAN2/4%0.0/

DATA VAR, EXT/3HVAR ,3HEXT/

DATA wWl/2%).0/

DATA KC ¢KC1/545/

[x=31571

DUM=0,1

AEXP=3,

KAL F=EXT

NTOT=20

HH=0. 05

HF=0.025

MTOUT=20

MCR=100

D0 501 M1=1,410

SUMX1 (M1 )=0.

SUMXZ(M1) =0.

SSAX2{M1)=0.

SSQX1{M1)=0.

"SYSTEM CONSTANTS, IC*S

NS=2

MS=1

R S=1

DG 502 MC=1,MCR

RMS ER=0 0

DO 789 I=1,NS

DXP({1)=0.0

DO 789 J=1.NS

DPP(1+J)=0.0

DO 5 I=1,yMS
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DO 4 J=1,MS
RIt1sd)=0,0

R(I 1 J)=0s0

DO 5 L=1,NS
H(lsL)=0.
HTRI(L,I)=0.0
DO 2 1=14RS
DC 6 L=14NS
B{Ls11)=0.
W{l})=0.

DO 2 J=1.RS
Q(I,J)=0.

DO 7 I=1,NS

(=]

[TH LI I T = 2 | BY
P-4
%]

s M OO e T

e o 0o« Oo T
o'—‘

Q(ls1)=1.0
R{1y1)=0.1
SIGV1I=SQRT(R(1, 1) /HF)
SIGWL=SQRT{(Q{l,1)/HH)

X(1)=0.0
X(2)=0.1
AN(13=0.0
XN(2)=0.1
XH{1)=0.0
XH( 2)=0.0
H{ly1)=1.0

DO 15 1V=1,MS

00 15 IN=1,NS
HT(IDy 1Y )=H(IY,1D)
RI(1,1) = 1.0/R(1,1)
DO 16 ID=1+NS

DU 16 1¥Y=14MS
HTRI(ID 1Y) = 040

DO 16 TJ=1,MS
HTRI(IDs IYI= HTRICIDsIY) ¢ HT(ID, IJ)*RI(IJ41Y)
HIM=HH

[F(KALF 4EQ.EXT) KC=2
LN=0

DO 10 M1=1,10

DO 30 ID0O=1,2

MNG =0

DO 55 KAC=1,KC

*pkkk [ NTEGRATE SYSTEM EQUATIONS & NOMINAL TRAJECTORY BY RK4

HH=HIM
IF(MNG.EQ.0) KC1=2
IF(MNG.EQeO) MNG=1

kR Ek
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12
400
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IF(MNG.EQ.l) KC1=3
[F(MNG.EQsl} MNG=0
[F(KALF.EQ.REG) KCl=1
D0 257 KAB=1,KC1
LN=LN+1

ki  GENERATE INPUT AND MEASURE MENT NOISE  k#kkx

CALL RNG(SIGW1,SIGV] ,WMEAN]L ¢ VMEAN]1,VANDW )
VN( L)=VANDHW( 2)
Wil )=VANDW(1)

wAekx  [NTEGRATE SYSTEM EQUATIONS BY RK& *%¥xk

D0 3 KUTTA=1,4

CALL XEQN(XNyXND,sW1)

CALL XEQN{X DXy W)

CALL RK4({XN¢XND ¢X,0X)

CONT INUE

DO 55 1AB2=1,2

DO 25 [J=1,NS

DO 25 JI=1,MS

Kl JeJdI)=0.

DO 25 IK=1,NS

K(IJedI)=P{1Jy IK)*HTRI(IKyJI) + K(ILJyJI)
IF(KALF.EQ.EXT) HH=HF

IF(KALF +EQ.REG) HH=0,025

IF{KALF.EQ.REG) CALL RSC{XN,DP,P)
IFUKALFeEQ.EXT) CALL RSCIXHT,DP,P)

CALL AB2P(P,DP)

CALL DELXHEIXHyDXHyVNyXNo X9 XHT)

CALL AB2(XH ,DXH)

00 28 LI=1,NS

XHT(LI) =XH(LL) + XN(LD)

XECLI) =X(LL)=XHT(LI)

CONT INUE

RMSER=RMSER+XE(Ll )*XE (1)

TIME=LN*HH

CONT INUE

SUMXL{ ML) =SUMXL (M1 )+X{1)=XHT (1)
SUMX2(M1)=SUMX2({M1) +X( 2)-XHT(2)

SSQXL (ML) =SSQXL(ML)+(X(1)=XHT (1) )=(X{1)=-XHT(1))
SS@X2(ML)=SSQX2(ML)+(X(2)=XHT (2) ) *(X(2)-XHT(2)}
GO TO 10

WRITE(6+300) TIME

FORMAT(LX,*TIME = ',F5.3/)

D0 12 IQ=1,NS

WRITE(6,400) X(IQ)y XN(IQ)y XH(IQ) HXHTCIQ)XE(IQ)
FORMAT( 29Xy 5(2X4F10s7))

WRITE(6+200) ((P(IyJ)sd=1sNS)ysI=1,4NS)
CONTINUE

RMSER=SQRT(RMSER/MTOT)

WRITE(6,969) RMSER

FORMAT (37X,F20.6)
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FORMAT(5X,2F1247/5X,2F12.7/)
CONT INUE

¥k CALLULATE SAMPLE MEAN AND VARIANCE #*%xx

DO 40 M1=1,10

XMl =MC R

X1BAR(M1)=SUMX1(M1) /XMl

X2BAR(ML )=SUMX2 (M1)/XM1

VAR X1{M1)=SSQX1 (M1} /(XMLl=1,)~(XML/ (XML~1,})%*XLBAR(ML)*=X1BAR(M]]}
VARX2(M1)=SSQX2(M1)/{XM1-1.)~-(XM1/( XM1-1.) ) *X2BAR(ML) *X2BAR (M1)
TIME=100..%HH

WRITE(6,441) TIME,X1BAR(M1),VARX1 (M)

WRITE(6,42) X2BAR(M1),yVARX2(M1)

FCRMAT(LOX F643 42 (5X4F1l5.8))

FORMAT(16X,2(5XyF15.8))

RETURN

END

SUBRQUT INE JAC(A,XH)
DIMENSION XH(4) yA(444)

COMMON B(492) 9KT452) oHU 204) yRU292) yHT{442) 4Q0242) ¢KUTTA,BB yHH 4V 4G o

HYN(2 )9 MS RSy KALF¢NS g RI(4,4)y ALPHA, AEXP, HF
DO 10 I=1,NS
00 10 J=1,NS

A(l 4J) =0,

Allel)= -2,0

A(2,1)= 0.0

A(242)= -1.0

A(ly2)=1e +AEXP®XALPHAXABS(XH(2))®%x (AEXP-1,)
RETURN

END
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SUBROUTINE RSC(X,DP,P}
INTEGER RS
DIMENSION AT(4,4) AP (4:4)9PS( 49 4)sDP(494),PAT(494) 9XP(444) o X{4) 4H4P
*¥(2,4) yPHT (4 y%4) ¢ PHRHP (494) BT (2,4) 4P (444),BQ(4,2),8Q8T (454 ),PHTRI(4
*¥,2)A(444)
CCMMON B(4+2)9K(492) yH(294)9R{292)yHT(492)4Q(292)sKUTTA BB yHH 1V 45
®YN( 2) yMSyRSsKALF yNSsRI(494) ALPHAAEXP yHF
CALL JAC(A, X)
DC 19 I=1,NS
DC 19 J=14NS
19 AT(I,J} = A(J, I}
DO 43 [=1,NS
D3 43 J=1,NS
43 PS(Lyed)=P(1yJ)
DC 34 I=1,NS
DO 34 J=1,NS
AP(1,J)=0.
DO 34 L =1,NS
34 AP{I,J)=AC1,L)%PS(LsJ) + AP(],J)
DO 35 I=1,NS
DO 35 J=1 NS
PAT(I,J)=0.
DO 35 L=1,NS
35 PATCL yJ)= PS(I,L)*AT(L,J} + PAT(I,J)
DO 5 I=1,NS
O0C 5 J=1,MS
S HT( I ,d) = H{J,I)
DO 10 I=1,NS
DC 10 J=1,MS
PHT(I 4J) =0,
DO 10 L=1,NS
10 PHT(I4J) = PUI,LIXHT (Lo J) + PHT (1,4}
DO 15 [I=1,MS
DO 15 J=1,NS
HP(] ,J}=0.
DD 15 L=1,4NS
15 HP(1,J) = HILL)XP(L,J)} + HP(I,4J}
DC 20 I=1,4NS
DO 20 J=1yMS
PHTRI(I,J)=0,
DC 20 L=1,MS .
20 PHIRI(IoJ) = PHT(IL)*RI(LyJ)} ¢ PHYRIA{I »J}
DO 25 I=1,NS
DO 25 J=1,NS
PHRHP(I,41=0,
DO 25 L=1,MS
25 PHRHPUT yJ)} = PHATRI(I yL)*HP{LyJ) + PHRHP(I,J}
DO 30 I=1,NS
B0 30 J=1,4RS
BQ(I4J)=0.
DO 30 L=1,RS
8T(JsI) = B(I,J)
30 BQUIyJ) = BUI JLI®QUL,J) + BQ(I,J)
DO 33 I=1,NS
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DO 33 J=14NS
BQ3T(1,J4)=0.
DO 33 L=1,4RS
33 BQBT(I,J) = BQUI,L)*BT (LyJ) + BQBY(I1,4)
DD 36 I=1,NS
DO 36 J=1,NS
36 DP{1sJ)=AP(I,J) ¢+ PAT([4Jd) - PHRHP(I,J) + BQBT(I,J)
RETURN
END

SUBROUTINE RNG(SIGX1sSIGX2y XMEANLy XMEAN2, X)
COMMON/BLOCK2 /1 XyDUM

DIMENSION X{21}

IX=19971 %X

EX=MOD(IX,1048576)
U=ABS{IX*1.0/1048576.}
Z1=SQRT (-2 .,0*%ALOG{(DUM))
X(1)=Z1%C0OS(6.28318*%U)*xSIGX1 + XMEANL
X{23=Z1*%SIN(6.28318%U)*SIGX2 + XMEAN2
DuUM=y

RETURN

END

SWBROUTINE AB2P(P,DP)

DIMENSIUN P(444)yDP(4,4),0PP(2,2)4DXP(2)

COMMUN B(492) oK{442) sH(244)yR{242)sHT (442)9Q{292)sKUTTA, BBy HHy VG
VYN 2) yMS RS KALF ¢yNSsRI{444) yALPHA JAEXP HF
COMMON/ BLOCK3 /0PPy DXP

DC 10 I=1,NS

DC 10 J=1,NS

PUlsJ)=P(IyJ) + HF%x(1,5%0P(I4d) = 0.5%DPP(14J))

10 DPP(I,J)=0P(I,J)
RETURN
END
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SUBROUTINE RK4( X1¢DX1X2,0X2)
DIMENS IUN XL1(%)yDX1{%)9X20%)9DX204) yDXA(4) 4DXB(4) ¢ XAL%) o XB (%)
COMMON Bl442) K (% 92) yH(2 %) gR{252 )y HT (4921,Q02, 2)yKUTTA, BBy HHy VoG
VN 2) ¢MS,RS yKALF yNSoRI( 4y 4) JALPHA yAEXP JHF
GO TO(10,30450,70), KUTTA
10 DT= Q,5%HH
DO 20 I=1,N$
XACI)Y =X1(1)
DXA(I)=DX1(I)
X1{I)=X1(I) ¢+ DT*DX1(1)
X8(1=x2{1)
OXB(I1)=DX2( 1) ,
20 X2(I)=x2(L) + OT#DX2(1) -
RETURN
30 DO 40 I=1,N§S
DXA(I)=DXA(L) + OX1(I) + DX1(I)
X1(I)=XA(I) + DT#DX1(I)
DXB{ L)=DXB(I) + DX2(I) + DX2(I)
40 X2(13=XB(I) + DT*DX2(1)
RETURN
50 DO 60 I=1,NS
DXA(I}=DXA(I) + DOX1(I) + DX1(1)
X1I)= XALI) + HH®DX1(I)
DXB(I)=DXB(I) + DX2(I1) + DX2(1)
60 X2(I)= XB(I) + HH®*DX2 (I)
RETURN
70 VH= HH*0.1666667
DC BU I=1,NS
X1(I)=XA(I) + VH®(DXA(L) + DXL(I))
80 X2(1)=XB{1) + VHE(DXB(I} + DX2(I))
RETURN
END

SUBROUT INE AB2( Xy DX}
DIMENSICN X(2),0X(2),DXP(2) 4DPP(2,2)
CUMMON Bl 492) oK (492) 4HI204) yRU242)4yHT(4,42)4Q(2,2)yKUTTA,BBsHHIV Gy
HFYN(2)sMS RS yKALFeNS R I(4y4) yALPHA JAEXP 4HF
COMMON/BLUOCK3/0OPPDXP
DG 10 I=1,NS
- XAL)=XUTI) « HFx(1.5%¥DX(1) ~ Q.5%DXP(I))
19 DXP{I)=DX(I)
RETURN
END
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SUBROUTINE DELXHUXHCXHyVMyXN9X o XHT)

INTEGER RS,REG,EXT

REAL KyKHyKVM

DIMENSION XH(4) yDXH(4) oX(4) ¢ A4 343 sVM(2))KH(4y%4 ), KVM{4 ), XN &)
D IMENSION XHT(4)

COMMDN B(‘OQZ,vK(lQ'Z"H(ZI‘O,'R(Z'Z)y HT(IQ' 2)'0(212,'KUTTA'BB 'HHIVOS'
HFVN( 2) yMSoRSyKALF yNSoRI(4y4) «ALPHA JAEX P HF

DAT A REGy EXT/3HREG, 3HEXT/

D0 2 I=14NS

DO 2 J=1,NS

KH(1,J1=0.

D0 2 L=1,MS§

KHUT o) =K{T JLI*¥H{LyJd) + KH(I,J)

DO 3 I=1,NS

KVM(I)=0.

D0 3 J=1,MS

RVMAETI=KVM{TL) + K(TI,J)%VM(J)

IFCKALF.EQ.REG) CALL JAC(AsXN}

TF(KALF.EQ.EXT) CALL JAC(A,XHT)

D0 4 I=1,NS

DXH(I1)=0.

DO 4 J=1,NS

DXHCOI)=DXH(I) + (AT J)-KH{TeJIIEXH{J) + KH{I,d)*(X(J)=XN(J))
DO 5 L=1,NS

DXH(L)= DXH{L) + KVM(L)

RETURN

END

SUBROUT INE XEQN({ XDy XMD¢ WNOI SE)

{NTEGER RS

DIMENSION XD(4) XMD(41 yWNOISE(2),8W (%)

COMMOUON Bl4y2) 9K (492)sHL 294)yRU2,2)yHT(442) 9Q(252) yKUTTA BB ¢HHyV 4Gy
XVN(2) s MS ¢ RS+ KALFy NS, RI(4 44 ), ALPHA,AEX P, HF

DO 10 I=1,4NS

Bw(I1)=0,.

D0 10 J=1,RS

Bw(I)= BW(T)+ B(I,J)*uNOISE(J)

SYSTEM EQUATIONS
XMO(1)==2.%XD(L)4+BW( L)+ XD(2)+ALPHA*XD(2)*ABS(XD(2) )*x{ AEXP-1,)
XMD(2)= -=XD(2) + Bw{2)

RETURN

END
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